LIMIT LAWS FOR RATIONAL CONTINUED FRACTIONS AND VALUE
DISTRIBUTION OF QUANTUM MODULAR FORMS

S. BETTIN AND S. DRAPPEAU

ABSTRACT. We study the limiting distributions of Birkhoff sums of a large class of cost func-
tions (observables) evaluated along orbits, under the Gauss map, of rational numbers in (0, 1]
ordered by denominators. We show convergence to a stable law in a general setting, by prov-
ing an estimate with power-saving error term for the associated characteristic function. This
extends results of Baladi and Vallée on Gaussian behaviour for costs of moderate growth.

We apply our result to obtain the limiting distribution of values of several key examples of
quantum modular forms. We obtain the Gaussian behaviour of central values of the Esterman
function Y. _ 7(n)e*™™*//n (z € Q), a problem for which known approaches based on
Eisenstein series have been so far ineffective. We give a new proof, based on dynamical
systems, that central modular symbols associated with a holomorphic cusp form for SL(2,Z)
have a Gaussian distribution, and give the first proof of an estimate for their probabilities of
large deviations. We also recover a result of Vardi on the convergence of Dedekind sums to a
Cauchy law, using dynamical methods.

1. VALUE DISTRIBUTION OF QUANTUM MODULAR FORMS

Let I' € SL(2,Z) be a cofinite Fuchsian subgroup, which acts of functions on P*(Q) by the
weight-k “slash operator”

flar(@) i= (e + ) Hfoa) ity = (1 D)€,

az+b : s .
cotq s the Mobius transformation.

In their simplest guise, quantum modular forms, introduced by Zagier [Zagl0] (see [Zag99]
for early examples), denote the set of functions

f:P{Q) ~S—C,

for some finite set S, satisfying a form of modularity, in the purposely vague sense that for
all v € T, the function of x € P1(Q) \ (S U~~1S) defined by

(1.1) hy (@) = f(2) = flev (),

has some regularity property. Part of the research effort has focused on constructing examples
in interrelated ways:

where yx =

— generating series associated with combinatorial sequences: Fishburn matrices [BLR14], uni-
modal sequences [BFRI5| [KLL16], partition theory [NR17] (we note that in the latter, quan-
tum modularity is actually a crucial tool for the asymptotic estimation of partition-related
sequences),

— radial limits of modular objects (mock theta function, quasi-modular forms) defined on the
hyperbolic disk [Zag01], [CLR16, [Fol14, BLR1S8, [FOR13],

— Eichler integrals, periods of modular functions [BR16, BKMI9]; state integrals involving the
quantum dilogarithm function [LZ99, [DGLZ09) IGK15],

— describing the homology of spaces of cusp forms [BLZI5| [CL16, BCD1§],

— Kashaev knot invariants and Nahm sums [Zag10l |GZ|, BDD],

Date: January 27, 2022.

2010 Mathematics Subject Classification. 11A55 (Primary); 37C30, 11F03, 11F67, 60F05 (Secondary).

Key words and phrases. Gauss map, continued fractions, modular forms, transfer operator, stable laws.
1



2 S. BETTIN AND S. DRAPPEAU

— correlations of the fractional part functions appearing as covariances in the Nyman-Beurling
reformulation of the Riemann hypothesis [BC13a), [ BC13b, BM15| [LZ19],
— Diophantine approximation and multifractal analysis [JM18, RR13].

In the present paper we are concerned with the following problem: given a quantum modular
form f, how do the multi-sets

(1.2) {f(z),z € QN (0,1],denom(z) < Q},

appropriately normalized, distribute as ) — oo? This topic is tightly related to weak limits of
partial sums of certain arithmetic functions, which goes back to Hardy-Littlewood [HL14], and
has been since then periodically revisited: we mention in particular the works [Wil33, [JVHS3|
Mar99] on theta sums, and [Bet15, [MR16] on cotangent sums. These works are all concerned
with instances of QMF of non-zero weight.

Our interest in this question comes from the statistical study of additive twists central values
of L functions, which as we will see are weight-zero QMF related to the third item described
above (periods of modular functions). We are aware of two occurences of this setting in the
literature. The first is a result of Vardi [Var93| on the existence of a limiting distribution
for Dedekind sums. The second is a recent result of Petridis and Risager [PR18] on the
distribution of modular symbols, which was motivated by conjectures of Mazur-Rubin [MR16]
and Stein [Steld]. Both results exploit a close connection with Fourier analysis of the modular
surface (the spectral analysis of the hyperbolic Laplacian). It is unclear how to extend these
methods to more general QMF.

In the present paper we present an approach, based on dynamical systems and the spectral
properties of a family of transfer operators, which allows us to answer the question for
essentially all level 1 (i.e. I' = SL(2,Z)) and weight 0 QMF.

We denote o = (;, ') and 7 = (!1) the two usual generators of SL(2,Z), so that the
associated period functions with weight k = 0 are given by

h‘r(x) = f(l‘) - f(x + 1)7
(1.3) ho(x) = f(x) = f(=1/x).

Our result may be stated informally as follows.

Theorem 1.1. Let f be a weight 0 QMF for SL(2,7Z), in the sense that h, extends to a
Hélder-continuous function on (0,1] with some regular growth behaviour at 0, and h,y = 0.
Then, up to a suitable renormalization, the multi-sets become equidistributed according
to a stable law, which is characterized by the growth of hy at 0.

The hypothesis are stated more precisely in Theorem below. The restriction to z € (0, 1]
and the assumption h, = 0 are made to clarify the statement, but are inessential (cf. footnote
page |8) and are natural in applications. However, the restriction to I' = SL(2,Z) is important
in our argument. What is required is that the action of I' on P!(R) can be induced into
an expanding Markov map (the Gauss map in the case I' = SL(2,Z)). The restriction to
weight zero QMF is also natural, as the problem for non-zero weights is of different nature and
typically simpler; see [BDc] for more details.

We will find in practice that any bound of the shape hy(z) = O(z= ") as x — 0 (a > 2)
ensures convergence to a Gaussian law. A bound of type h,(z) =< zHetod) for some o € (0,2),
will typically imply the convergence to a stable law of parameter «.

Due to the relative weakness in its hypotheses, Theorem applies to a wide class of
QMF. In the next section, using Theorem we answer the distribution question for several
arithmetic invariants. We expect further applications to follow in the future.

2. APPLICATIONS
For all Q > 1, we endow the set
Qo ={zr=0a/q, 1<a<q¢<Q,(a,q) =1} CQN(0,1]
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with the uniform probability measure Pg, and we denote E¢ the associated expectation,

Eq(f(2)) =12l > f(x).

xEQQ

2.1. Central values of the Estermann function. Let

T(H)ZZl (n>1)

d|n
denote the divisor function. The Estermann function, introduced in 1930 [Est30], is defined by

D(s,x) := Z M

s
n>1 n

for Re(s) > 1, and extended by analytic continuation otherwise. It was initially introduced in
relation with the shifted divisor problem »°, 7(n)7(n + 1). Its functional equation still serves
as a basic tool to derive Voronoi summation formulae, which are then used in conjunction
with the circle method to study moments of L-function and their arithmetics applications: we
mention the proportion of critical zeroes of ¢ [Con89|, the binary divisor problems [Mot94],
and non-vanishing of central L-values [Luol5].
We mention a further connection with moments of Dirichlet L-functions L(s, x) = Y_,,~1 x(n)n

By [Bet16, Theorem 5], the twisted second moment of Dirichlet L-functions satisfies

M@@:Jﬁ S 1L ) Px(a)

x (mod q)

= ReD(3,%)+Im D(3,%) +O(g'/?)

—S

(2.1)

for ¢ prime and ¢ t a. From this expression, we see that the second moment ), (mod q) |M(a,q) |2
is essentially the fourth moment of Dirichlet L-functions 3, (mod q) IL(,x)|*, whose full
evaluation in [Youll] lies at the threshold of current techniques of analytic number theory
(see BEK™17a, BFK™17b] for further work on this topic). This fits in the general problem
of understanding the distribution of central values of L-functions and their twists, which is a
fundamental topic in analytic number theory [Sel92, ICFK™05, [Sou09) [Har13, RS15]. Up to
now, essentially all known results have been obtained by the moments method.
Using Theorem we obtain the following Central Limit Theorem.

Theorem 2.1. For alle >0, Q > 3, and all rectangle # C C, we have

D(l,CC) e—(vf—&—v%)/Z dvl dvg 1
of 2 §e%):/ | > + E(ﬁ)
o(log Q)2 (loglog Q)2 viHiva €X ™ (loglog Q)
where 0 = 1/m.

We will obtain this result as an application of Theorem using the fact, proved in [Bet16],
that D(%,x) is a weight-0 QMF, the associated function h, being a (% — ¢)-Holder
continuous function on (0, 1].

The simplicity with which we will deduce Theorem [2.1] from Theorem [I.1] contrasts with the
fact that other methods appear to be completely ineffective with this problem. The moments
method (and therefore also the approach of [Nor21I] described in the following section) can not
be applied, due to the presence of a negligible proportion of x € €1g with abnormally large
continued fraction coefficients, whose contribution dominates the integer moments of D(%, x).
In fact, all moments of D(%, x) and M (a, q) have recently been computed in [Betl19]: starting
already from the second they grow faster that what is suggested by Theorem

Another tentative approach to Theorem consists in obtaining a limiting distribution
result for >, <, 7(n)e(nz), where z = x + iy; = € [0,1] is chosen at random and y — 0%,
and transfering these properties to its discrete counterpart D(%,z) ~ > on<q? 7(n)e(nz)n=1/2,
for x = a/q € Q, by Fourier expansion. This method is employed for the incomplete Gauss
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sum in [DA14], based on [Mar99]. In our setting, however, connecting the continuous and the
discrete averages raises several additional difficulties, among which the problem of dealing with
a divergent second moment as well as those coming from considering a central value rather
than an object corresponding to an L-value off the line. Also the incomplete Gauss sums are
not Gaussian distributed, but rather are distributed as the push-forward measure by a theta
series. This suggests a difference in nature between the two problems and, notwithstanding
the technical difficulties, it suggests this method could not be adapted to our case.

It would be interesting to obtain a statement analogous to Theoremfor the values M(a, q),
however the identity as stated holds only for ¢ prime; the corresponding identity for
generic ¢ involves a multiplicative convolution, which is not clearly accountable for using the
present method. However we still believe M(a, q) is distributed according to a normal law.

Conjecture 2.2. As ¢ — oo along primes, the multi-set
{ M (a, q)
(log Q)'/2(loglog @)*/2’

become distributed according to a dilated centered Gaussian.

1§a<q}

2.2. Modular symbols. Out of many possible ways, modular symbols [Man09] can be seen
as elements of the space of linear forms on Si(I'g(V)), the vector space of cusp forms of weight
k=0 (mod 2) and level N > 1, spanned by the Shimura integrals

P el o= 0 [ G — 0 e = @+ o)

m —1)!
forany 1 <m < k-1, 2 € Q, f € Sp(I'o(IN)), and where <x)j5m € R. (In this section and
section only, the letter f will denote a holomorphic cusp form).
Up to an explicit factor, the value (x) ., is also the special value L(f, 2, m) of the analytic

continuation of the L-function
[o@)
L(f,x,s) = Z ape(nz)n™? (Res > k)
n=1

where we write f(z) = Y_,,~; ane(nz) for Im(z) > 0. Being at the intersection of the geometric,
modular and arithmetic aspects of T'g(N), modular symbols received a considerable amount of
interest, e.g. for computing with modular forms [Cre97, [Ste07]. The central values of the Es-
termann function D(%, x), which was the subject of the previous section, may be interpreted as
a regularized modular symbol for the derivative %Eg (2, 8)|s=1/2 of the Eisenstein series [[wa02}
chapter 3.5].

The symbol associated with the central value m = k/2 plays a particular role and is the focus
of this section. Motivated by the abc-conjecture, the question of the size of modular symbols
was initially asked by Goldfeld [Gol99] and later studied by Petridis and Risager [Pet02, [PR04].
Interest in this question was recently revived by questions of Mazur, Rubin and Stein [MR16,
Stel5], motivated in part by the growth of ranks of elliptic curves. In particular, for f a
fixed form of weight k£ = 2 (and so m = 1) and = € (0, 1] varying along rationals of reduced
denominator g, with ¢ — co, Mazur and Rubin predicted that

(a/ Q>?1
{\/@)1SGSQ>(G>Q)_1}
becomes asymptotically distributed according to a suitably dilated normal law. To our knowl-
edge, only the first and second moments have been computed [BEK™ Chapter 9].

The situation changes with an additional average over ¢ < (). Then the Central Limit
Theorem for weight k = 2, level N > 1 forms has been proved by Petridis and Risager [PR18],
by using the spectral analysis of twisted Eisenstein series and the location of eigenvalues of the
hyperbolic Laplacian.
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Using Theorem [1.1] we will prove the following Central Limit Theorem for modular symbols

associated with forms of level N = 1 and arbitrary weight k > 12.

Theorem 2.3. Let k > 12 be even, and f € Sp(SL(2,Z)) ~ {0} be fized. Then for all Q > 2
and rectangle Z C C, we have

<x>fﬁ e~ (1+93)/2 qyy du 1
2.2 P 2 cX :/ 1 2 =),
(22) Q(Uf\/@ ) v1+ive €R 2 (\/10@)

k
with oj% = %Hf”i, where || fl|, is the weight-k Petersson norm of f.
For example, this result applies for £k = 12 with f being the discriminant modular form
A(z). The error term is optimal and uniform with respect to Z.
Using Theorem [1.1} we will also deduce the following statement, which can be interpreted
as a Large Deviations Principle.

Theorem 2.4. Let f be fized as in Theorem[2.3. For any e > 0, we have

)1/10gQ

(2.3) limsupIP’Q(‘@}f,g > elog <1

Q—oo

We will deduce Theorems [2.3|and [2.4] from Theorem |1.1|by showing that the map z — (z) £k
’2

is a weight 0 QMF with the period function h, being Hoélder-continuous on [0, 1]. We
will estimate all small exponential moments, from which the Large Deviations Principle will
follow.

Theorem is related to three works, two of which have been carried out around the same
time as the present.

— The work of Petridis and Risager [PR18] was concerned with the case of weight k = 2
forms, which is relevant to the conjectures of Mazur-Rubin and Stein (cusp forms associated
with elliptic curves). Their method is based on the analysis of twisted Eisenstein series.
Although the authors do not seem to mention it, their method is capable of obtaining a
Large Deviations Principle. The assumption & = 2 is however crucial in their approach,
since only in this case the analogues of the function h, in are constant (this translates
into the independence of the multiplier system defined in [PR18| p. 7] with respect to z).

— Very recently, Nordentoft [Nor21] has obtained the Central Limit Theorem for arbitrary
weight k£ > 2 and level N > 1 modular forms. Specializing to NV = 1, this gives in particular
an independent proof of Theorem Similarly as [PR18], the spectral analysis of twisted
Eisenstein series play a central role, however his argument is based on a completely different
construction (due to the “independence with respect to zp” obstruction mentioned above).
As a result, it crucially relies on the consideration of moments, and falls short of establishing
a Large Deviations Principle (Theorem [2.4)).

— Also very recently, Lee and Sun |LS19] have independently obtained a proof of the main
theorem of [PR1§|, for weight k¥ = 2, by a method similar to the one we pursue here. This
is achieved by considering a certain twisted version of the Gauss map, keeping track at each
iteration of a coset in I'g(N)\SL2(Z). On the other hand, for £ = 2 the period functions
(the analogues of h, in ) are constant. The technical difficulties they are faced with are
of very different nature from the ones we encounter here. By mixing the methods presented
here with those of [LS19], it is plausible that the main results of [Nor21], for arbitrary weight
and levels, could be recovered by dynamical methods.

The difference in the magnitude of the variance between Theorems|2.1|and [2.4]is noteworthy,
and is due to the presence, or not, of a pole the associated L-functions (¢%(s) and L(f,s)
respectively) at s = 1.

We have considered only the modular symbols (z) ¢, at the central value m = k/2. The
behaviour for m # k/2 is very different and simpler: for instance, when m > k/2, the se-
ries L(f,x,m) extends to a continuous function of € R, and the values {(x)fm,2z € Qq}
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become distributed according to the push-forward (L(f,-,m)).(dv) of the Lebesgue measure.
We return to this question in more details in [BDd].

The original conjectures of Mazur-Rubin and Stein were concerned with the case of a single g.
There does not seem to be an effective way, with our method or those of [PR18, [Nor21l, [LS19],
to isolate rationals of fixed denominators, whence all results proven so far rely on the extra
average over g.

2.3. Kashaev invariants of the 4; knot and sums of continued fraction coefficients.
Our next application is motivated by a question in [Zagl0]. To a knot K and an integer n > 2,
we associate the n-colored Jones polynomial [Garl8, section 1], which is a Laurent polynomial
Jkn(d) € Z[|q]] defined by a combinatorial construction through a diagram representation
of K. For any root of unity q € C, we define Jg o(q) := Jxn(q) where n > 1 is the order
of q. In [MMOT], it was shown that the sequence (Jg o(e*™/™)),>; is the Kashaev invari-
ant of K [Kas95] (the full function can be reconstructed by the action of the Galois group).
In the case of the 4; knot (or “figure-eight” knot), the simplest hyperbolic knot, we have
explicitely [Zagl0]

J(z) == Jy, o(e(x)) = Z |1 —e¥miz|2 .| — e2mime 2] (xr € Q).
m=0

Note that for each given x € QQ, the sum is finite. In this case, Zagier’s modularity conjecture,
stated precisely in [Zagl0], predicts that x — log J(x) is a weight 0 QMF": the difference

h(zx) :=logJ(—1/x) —log J(x),

which is depicted in [ZaglO, Fig. 4] is expected to behave “nicely” with respect to z, although
not continuously. Conjecturally, we expect h(x) ~ C/z as x — 0, where C = Vol(4;)/2n
and Vol(4;) = 2.02--- is the hyperbolic volume of 4;; Kashaev’s volume conjecture is the
case = 1/n, n € N, which is known in this case [AH0G].

A proof of Zagier’s conjecture for the 4; knot has been announced by Garoufalidis and Za-
gier |[GZ]. In [BDD], we obtained independently another proof, complemented by a reciprocity
formula relative to a transformation of another kind, by which we deduced the following as-
ymptotic estimate: for A > 0, denote

x)
(2.4) Ya(x) = a?‘, r€Qn (0,1, x=[0;a1,...,0.m)]; ap@) > 1,
1

r

—~

.
Il

the sum of continued fraction coefficients of . Then by [BDb], we have
1 (z)
r(z)
This is in accordance with the conjectured behaviour of h(x) as z — 0.

The map z +— X, (z), suitably extended to Q, is a weight 0 QMF with associated period
function (L.3) satisfying h,(z) = C|1/z]” for z € QN (0,1]. Using Theorem we compute
in Theorem below the distribution of ¥y for all A > 0, extending work of [BV05al, BHOS].
In particular, in the case A = 1 we obtain the following result.

(2.5) log J(z) ~ C%4(x)

Theorem 2.5. Let Gy denote the cumulative distribution function of the stable law Sl(%, 1,0),
that is G1(v) == [*__ g1(z) dz where

1 0 . 6y 12
g1(x) = ﬂ/ eitwe T = Zitlogltl gy

and let vy be the Euler—Mascheroni constant. Then, as () — oo,

Ei(z) loglog @ — o 1
2. P — <v)= —).
(26) Q(logQ m2/12 T~ v) Giv) +O((10g62)1‘5)
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Theorem answers a question in [FVV], and echoes a result of Heinrich [Hei87] which
obtained a similar convergence for Lebesgue-almost all x € [0,1]. In particular, implies
that the generic time complexity of the substractive algorithm for the GCD is asymptoti-
cally (14 0(1))23 (log Q) loglog Q on pairs of coprime numbers at most @, as Q — co. This is
in sharp contrast with the average time complexity, which is (1 + o(1)) % (log Q)? (the latter
is known even with a single average over numerators, see [YKT75]). Note that, contrary to
the case of the Estermann function (Theorem , this discrepancy between the typical size
and the average size is consistent with fact that the stable law 5’1(%, 1,0) has a divergent first
moment.

Combined with , Theorem implies the following law of large numbers for the values
of log J(x).

Corollary 2.6. As (Q — oo, we have
log J(x) ~ %Clog Qloglog Q
for a proportion 1 — o(1) of fraction x € QN (0,1] of denominators at most Q.

The typical size of log J(z) among fractions = with denom(z) < @ is therefore much less
than that of log J(1/Q) ~ CQ (by (2.5)).

We expect a convergence in law analogous to for the values log J(z), however the error
term which we obtain in is not precise enough to carry this out. This issue is discussed
more precisely in [BDb|, along with the case of other knots.

2.4. Dedekind sums. For all coprime integers a and ¢ with ¢ > 1, the Dedekind sum

=SNG e={7" G,

is a rational number of modulus at most ¢/12 4+ 1/2. They appear naturally in the multiplier
system attached to the Dedekind n function; we refer to the monograph [RG72| for further
properties and references. The value distribution of s(z) on average over rational = has been
studied from several points of view [Hic77, [Var87, Bru90l [Var93].

From Theorem we will deduce a short proof of the following convergence to a Cauchy
law, which is the main result of [Var93].

Theorem 2.7 ([Var93]). Uniformly for v € R and Q > 2, we have

s(z) v 1 v dy 1
(2.7) PQ(logQ = %) _W/_oolerQ—i_O((lOgQ)ls)‘

This statement will easily follow from Theorem by noting that = — s(x) is a weight 0
QMF, with associated period function h, (1.3) being roughly |1 /xJH This last fact is a
consequence of the reciprocity formula for s(xz) [RG72, Chapter 2, Theorem 1].

The proof of [Var93] builds on the close connection between s(x) and the multiplier system
associated to the n function, which brings the problem to an analysis of twisted Poincaré series
on the modular surface, which are in turn studied by means of the Kuznetsov trace formula.
By contrast, our arguments are dynamical in nature, and use little arithmetic information
beyond the group structure of SL(2,7Z).

3. OVERVIEW

3.1. Reduction to dynamical analysis. We now overview the arguments underlying The-
orem Suppose f: Q — C is such that the functions defined through satisfy h, = 0
and h, extends to a continuous function on (0, 1]. To simplify the presentation, in this section
only, we assume that f is an even function.

INotice that we obtain a different distribution than in Theorem This is due to the fact in that case the
period relation is more precisely f(z) + f(—1/z) = |1/x] rather than f(z) — f(—1/z) = [1/z].
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The starting point is the remark that the action of ¢ and 7 on P!(Q) can be induced
into an expanding Markov map on (0,1], namely the Gauss map T : = — {1/z}, where
the braces denote the fractional part. More precisely, by periodicity and since f is even, we
have f(x) = hy(x) + f({1/2z}), which after iteration (Euclid’s algorithm) yieldsﬂ

r(z)
(3.1) fl@) = he(T' " 2) + f(0)  (z€(0,1])
=1

where 7(z) > 0 is minimal subject to 77 (z) = 0.

This expression relates the values of f to Birkhoff sums associated with the Gauss map 7.
This map is known to have good mixing properties |[CFS82, p. 174], by which we expect
the sum to behave like a sum of independent random variables. Precise limiting be-
haviour may be obtained through the study of spectral properties of transfer operators as-
sociated with T': this is an important theme in smooth dynamics and stationary Markov
chains [Doe40, [For40, TTM50, Wir74, RE83|, Bro96, [AD01]. We refer in particular to [Bro96]
and to the introduction of [ADOQI1] for an extensive historical account and references. Among
maps of the interval, the Gauss map has been particularly studied because of its link with the
analysis [May76], Pol86, [May91b, MV12] of geodesic flows on the surface SL(2,7Z)\b (where b
is the upper-half plane).

A prominent example is given by [Bro96, Theorem 8.1]: suppose ¢ : [0,1] — R is of bounded
variations and not of the shape ¢+ k — k o T, for some function k£ of bounded variations and
some constant ¢ € R, and let

N
Sn(¢, ) = Z o(T7 (x)).
j=1
Then for some constants pgy € R and o4 € R, uniformly for v € R,

Sn(¢,x) — ueN 1 voet* dt
P <v)=®Ww)+0(—=), @v::/
( ooV IN ) () (\/N> ) -0 V2T
as N — oo, where z € (0,1) is chosen uniformly according to the Lebesgue measure. The

implied constant may depend only on ¢. This relies on the spectral analysis of perturbations
of the Gauss-Kuzmin-Wirsing transfer operator

H{f](2) = 3 (njx)zf(nix).

n>1

We are interested in the case when x is a rational chosen at random in €)g, and the Birkhoff
sum in (3.1)) is over the full orbit, its length varying with z. Denote

r(z)
(3.2) Sp(z) == Z o(T7 1 (x)).
j=1

In [Val00], Vallée has shown that the expectations of Sy(x) satisfy

EQ(Ss(2)) = uplog Q + v +0(Q™°)

for functions ¢ which are constant on each interval (n%rl, 1) (n > 1) and under some growth

condition at 0. Here the number § > 0 is absolute and the implied constant may depend on ¢.
The numbers 4, vy depend only on ¢, and in fact

o 1
=22 [ dr,  elo) =

(1+z)log2’

he = 2

2Without the assumption h, = 0 a similar formula holds: we have in general f(z) = Z;(:zl) H(T~ Y (x))+£(0),
where H(x) := ho(z) — thi/lzj h-(1/xz — 1) for x € (0,1], and the ensuing analysis still applies.
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The quantity pg4, and the measure () dz, are essentially the projection of ¢ on the eigenspace
of H associated to its dominant eigenvalue 1. An important point is that this question was
studied within the framework of dynamical methods. The argument uses the construction of a
suitable generating series involving the quasi-inverse (Id — H,)~! of twisted transfer operators

(33) B =Y e ().

= (n + x)2+i7' n4+x

for arbitrary large 7 € R (by contrast with the continuous setting when = was chosen uniformly
at random in [0, 1], which involves perturbations of a single fixed operator). This construction
crucially relies on the fact that the denominator ¢(z) of x can be detected by means of the
Birkhoff sum logq(z) = — z;ﬁ? log(T7~!(x)). Earlier approaches [Hei69, [Dix70], restricted
to ¢ = 1, involved number-theoretic methods based on bounds on algebraic exponential sums.

The approach of [Val00] was developed by Baladi and Vallée [BV05a], who proved that
for ¢ constant on each interval of the shape (n%rl, %) and under a logarithmic growth condi-
tion ¢(z) = O(log(2/x)), the Laplace transform satisfies the “quasi-powers expansion”

(3.4) Eq(e”%™)) = exp {U(w)log Q + V(w) + O(Q™")}

for w in some complex neighborhood of 0; the holomorphic functions U, V', the number § > 0
and the implied constant may depend on ¢. By Hwang’s theorem [Hwa96], this has a number
of consequences in terms of the limiting distribution, and among them, an effective central
limit theorem: if ¢ is real, non identically zero and as above, then for some numbers p4 € R,
o4 > 0 and all v € R we have

Se(x) — pglog Q e e /2 dt 1
Costogare <" = L. var o\ mgg)  C=®

The power-saving error term in depends on proving a pole-free strip for the quasi-inverse
of the twists (3.3)), which can be viewed as a “quasi-Riemann hypothesis” for the generating
function of interes‘(ﬂ The approach of [BV05a] extends seminal work of Dolgopyat [Dol98] to
the case of an expanding interval map with an infinite partition (see also [BV05b]).

Motivated by our application , we extend the methods of [BV05a] in two directions. In
the first direction, we consider cost functions ¢ : (0, 1] — R which are not necessarily constant
by parts. We will require that ¢ can be extended to a Holder continuous function, with some
uniform exponent, on each interval [%H’ %]

The second direction we wish to consider is cost functions ¢(x) having a possibly divergent
first or second moment, say ¢(x) = 2~ V/2, or ¢(x) = |1/z], with the consequence that the
limit law will be stable, but not necessarily Gaussian anymore [BV05a, p. 384]. This is a
well-known theme in the theory of sums of independent random variables; see Chapter VI
of [Lév25], or Chapters VI.1 and XVIIL.5-6 of [Fel71]. The corresponding phenomenon for sums
of continued fractions coefficients in the continuous setting (Lebesgue-almost all € (0,1))
has been investigated by elementary means by Lévy [Lév52] (see also [Hei87]), and later by
transfer operator methods |[GH88|, IGLJ93| [Sze09, [ADO1]. In fact, this falls into the general
“countable Markov-Gibbs” framework of [ADO1], where it is refered to as the “distributional
limit” problem. A large part of later work has focused on non-uniformly hyperbolic maps; we
refer to the survey [Goul5| and the references therein.

We investigate the corresponding question in the discrete setting (z at random in g). We
evaluate with effective, power-saving error terms the characteristic function

EQ (eitS¢(x))

for ¢ in a real neighborhood of 0, under hypotheses which essentially reduce to the boundedness
of some positive absolute moment, fol |p(z)|*° dz < oo for some ag > 0.

3The same set of idea imply a zero-free strip for the Selberg zeta function of the full modular group [Nau03).
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3.2. Statement of the main distributional result. For technical reasons, we will work in
a more general setting. For a parameter £ € [0, 1], a real interval Z and a normed space X
let H*(Z, X) denotes the set of functions Z — X such that the Holder semi-norm

(35) fl = sup LD TWI

z,y€L,x#y |ZL‘ - y|fC
is finite.
We let H :={h:[0,1] - R|3In>1s.t. h(z)= ﬁ} be the inverse branches of the Gauss
map, and H’ := {hyo---ohy | hj € H}.
We fix an integer m > 1, and m functions @1, . .., @, : [0,1] — RZ We extend this definition
by periodicity, letting ¢; := @; (mod m) for all j > 1, and we define a function on Q N (0, 1] by
letting S(1) := 0 and

S(@) =) ¢;(T""!(z)),  (2€Qn(0,1))

where we recall that '
r(z) ;= min{j > 0,77(z) = 0}.
For z € (0,1) with r(z) > m, we define

(3.6) (@) = (1 (@),
j=1

We make the following hypotheses:

(1) (ko-Holder continuity) For each n > 1 and 1 < j < m, the function ¢; can be extended

as a ko-Holder continuous function on the interval [n-lq-u %]

(2) (Norm ap-th moment) For each 1 < j < m, we have
o
(37) > 1Ol | < oo
heH
(3) (Holder A\p-th moment) For each 1 < j < m, we have

(3.8) > K O)]| sl

heH
For all t € RY, we denote ||t| := ||¢||.. Finally, let

Jg(t) := /O 1(ei<'%4><~’v>> — 1é(z) da.

Theorem 3.1. Let kg, g, A\g > 0 be given with ko, A\g < 1, and ¢ : (0,1] — R? satisfying the
conditions (3.7) ~(3.8). There exists ty > 0, 6 > 0, and functions U,V : {t € R ||t|| < to} — C
such that for all t € R with ||t|| < to, we have

Ao
< 00.
(ko)

(3.9) Eq(e!®5@)) = exp {U(t) log Q + V (£) + 0(Q7%)},
and

12log 2
(3.10) U(t) = mj% T(t) + O([It]* + [[E]|** ),

V(t) = O(l[tll + [I1£]*~).
If moreover ag > 1, then there exists a real d X d matriz Cy such that

_ 12log?2

(3.11) U(t) Tg(t) + T Cut + O(® + [t 7079

2
mm
with t interpreted as a column vector and t1 its transpose. The numbers §,tg and the im-
plied constant depend at most on «q, kg, Ay, € and on an upper-bound for the left-hand sides

of B-1-B3.
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Remark. — It is important to note that the actual values of kg and Ay only affect the statement
up to the value of ¢y, and the implied constants. In particular, if ¢ is C' on each inter-
val [n%rl, 1] and if there exists C > 1 such that || d,¢| = O(z=%) for x € (0,1], then is
satisfied with kg = 1 and any \g < 1/C.

— In our applications, we will have ||¢(x)|| < ||d(y)|| for all z,y in A(Z), uniformly in h € H™.
In this situation, is equivalent to fol |lp(x)]|*0 dz < oo.

— In typical applications, the quantity J4(t) can be evaluated by standard methods, and the
results relevant for the present paper are worked out in [BDal.

— The results of [BV05a] are stated in a formalism which includes the Gauss map as a special
case. The most crucial assumption, at least as far as one is interested in power-saving
error terms, is the “uniform non-integrability” assumption [BV05al p.357] (see [Morl5| for a
qualitative result, not using the UNI condition). In the present work, we do not use any more
specific properties of the Gauss map; with suitable modifications, the arguments presented
here apply to the centered and odd Euclidean algorithms [BV05a, Fig. 1] as well.

— A generalization in a different direction of Baladi-Vallée’s results, for maps associated to
a reduction algorithm in congruence subgroups, has very recently and independently been
obtained by Lee and Sun [LSlQ]ﬁ

The main feature of Theorem we use is the relative weakness of the hypotheses on ¢.
This is important in our applications, where often little is known on ¢ besides the regularity
properties, and rough bounds on the Holder norms. To obtain this uniformity, we systemati-
cally use Holder spaces, not only because of the regularity of ¢, but also in order to dampen
the oscillations of e¢/{t:®) (see below). This is the main reason why arbitrarily small values
of \o are admissible for Theorem

The shape of the asymptotic estimates f are characteristic of infinitely divisible
distribution [Fel71, Chapter XVIL.2]. The informally stated Theorem follows, in all the
cases we consider, by an evaluation of J4(t) and the Berry-Esseen inequality [Tenl5, Theo-
rem I1.7.16], [F'S09, Theorem IX.5].

The variety of situations we consider prevents us from making a clear and concise set of
hypotheses on h, which would make Theorem [I.1| rigorous. Besides working out in details
the applications, we restrict to illustrating the case m = 1 and ag > 2 by the following
Central Limit Theorem for the Birkhoff sums Sy defined in , which recovers and extends
in particular [BV05al, Theorem 3.(a)] (see also [BHO8| Remark 1.3]). We recall that ® is the
cumulative distribution function of the standard normal law.

Corollary 3.2. Assume that the bound

_ Ao
S5 sw @ wp  HOZ00L

) <o
TlZl xe[n+17; I,ye[%ﬂ7% |$_y‘

holds for some ag > 2 and Ao, ko > 0. Suppose that ¢ is not of the form clog + f — foT for
a function f :[0,1] = R and ¢ € R. Then, for some ¢ > 0 and

12 L o(x)da
(312) n=a )y aa
we have
Sp(x) — plog Q 1 1
(3.13) ]P’Q( U\/@ < U) = q’(”) + O(m + (log Q)ao/Zfle)

uniformly in v € R.

A variation on the argument shows that the milder hypothesis oy = 2 implies the esti-
mate (3.13)) with a qualitative error term o(1) as @ — oo. For any k € Nsp, under the

4 Another way to study levels N > 1 would be by building an expanding map out of Atkin-Lehner homogra-
phies, but our attempts to construct such a map satisfying the UNI condition were not successful.
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condition o > k, a variation on the arguments also leads to an estimate with power-saving
error term for Eq(Ss(z)¥).
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Notations. For any function f(s,t) of two real or complex variables, and all k,¢ > 0, we

let Oy of = 8 = (w f whenever this function is defined.
We recall that the semi-norm |[f||,) is defined in (3.5). The Landau symbol f = O(g)

means that there is a constant C' > 0 for which |f| < Cg whenever f and g are defined. The
notation f < g means f = O(g). If the constant depends on a parameter, say ¢, this is
indicated in subscript, e.g. f = O:(g) or f < g.

4. LEMMAS

4.1. Holder constants. We compile here several facts we will use on the Holder norms || f[| )
for f € H*(Z,C).
(1) For f,g € H", we have

(4.1) 1£90 0y < 110y I9ll oo + 111 Nl

This follows by writing fg(z) — fg(y) = (f(z) = f(y))9(x) + f(y)(9(x) — 9(y))-
(2) For g € H' and f € H"(g(T)), we have fog € H" and

(Z)H(m

(4.2) 1f o gl < llglltyy
This follows by ertlng |f(g (‘g)c) y|£ gl _ |g x) (y)| |f(g 2 x))— (Z(/g)fg))l
3) For \ € [k,1] and f € HA/A real, we have
(3)
(4.3) ) o < 1715
This follows by writing [ () —et )] e DT 1] |f(@)—f @)
lz—yl* lz—yl~ = Je—yl”
4) For 0 < k < X and f € H*, we have
(4)
1—k/A K/A
(4.4) 1Ny < NGy A
This follows by writing f(@)=1 ()] (ﬁ) yﬁ,gyﬂ =|f(z) — f(y)|*~ "/’\(7“(‘36) y‘( )‘)H/)‘.

4.2. Oscillating integrals. We will require the following analogue of van der Corput’s lemma.
We let

T =10,1].

Lemma 4.1. Let A,k > 0. Assume that ¥ : T — R is C' with ¥ > A and that ¥’ is
monotonous on L. Let g € H*. Then

1
0 (2) llgllse , 19ll¢s)
/Og(x)e dr < AT A
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Proof. The lemma is obtained by combining the methods of the usual van der Corput Lemma
([Ste93], Proposition VIIL.2, p. 332), and the bound on Fourier coefficients of a Holder con-
tinuous function ([SS03|, ex. 15, p. 92); we restrict to mentioning the main steps. We change
variables and let

go ¥ l(z)

U oW—1(z)

Let R= (V(Z)\ (¥(Z) — 7)) U(P(Z) ~ (¥(Z) +7)). We have

1 , .
/g(x)ew(m)da::/ h(z)e™ dz

0 U(T)

h(z) =

_o( [ Joludr y 1
- O( RV o ‘I’_l(x)) 2 @(I)m(w(z)—n)(h(x +7) — h(z))e" dz.
Now, on the one hand,
_ goUTHz4m)—goUl(a) » . i .
h(z +m) — h(z) = o U—1(z) +(go VW )(x+7r)(\l,/o\1,—1(x+7r) \If’o\If—l(gg)>
ol 9 1 1

U o W—1(x) HgHOO‘\I//o\IJl(:L‘+7r) W0 U 1(x)
by (4.2]) on the first term, and on the other hand,

1
[P(I)ﬂ(\IJ(Z)ﬂ')

1/A
\I/’O\I/_l(x+7r) \I/’o‘ll /\I/’O\Il = 0(1/4)
by monotonicity. We conclude using H\If_1||(1) <1 / A. O

5. PROPERTIES OF THE TRANSFER OPERATOR

In this section and the following ones, all implied constants in the notations O(...) and <
may depend on «q, kg, Ag, m and an upper-bound for the values of (3.7)—(3.8). Additional
dependences will be indicated in subscript.

Definition. Let

(5.1) K = min(3, 1koAo),

where we recall that kg is the Holder exponent of ¢ on each interval (#

and s € C with Re(s) > 1, define an operator Hgg acting on H"([0,1],R) by
i(t,¢;(1/ (n+w))) 1
: ()

). For all t € R?

:\»—‘

HY)[f](2) =

= (n+x)* n+x
= 3 OO |1 ()2 (f o h)(a).
heH

When ¢t = (0,...,0), this is independent of j, in which case we drop the notation (j). We
abbreviate further
Hs := Hs o, H:=Hsp.

Define the norm and the semi-norm

Ifllo =11 /€lloes NSl == 117 /&N )

Here we recall that {(z) = We equip H"([0, 1]) with the norms

log2 1+ac
£l g = Ilfllo +B7"Iflly,  where 8> 0.

For t € R? and s € C, Re(s) > 1, and 0 < j < m, let
j 1
Hgﬂg — H (J) O]

s,t st
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with Hg?t) = Id. In what follows, we will often abbreviate
M, =110,
and define
(5.2) )= ] Ti),  gsela) =BT (g)72,

0<j<m—1

Note that gs¢ o h belongs to H"™([0,1]) for all h € H™. Moreover, since |T'(x)| = =2
whenever T is differentiable at x, for all h € H™, we have

m—1
| =TI 1T e T = Z(a)?,
=0
and therefore
(5.3) st s frr H"[gstf].

5.1. Properties at the central point. By [Bro96|] (section 2.2, Proposition 4.1 and Theo-
rem 4.2), along with the Ruelle-Perron-Frobenius theorem (see [May91a]), we have that the
operator Hj o acting on H"(]0, 1]) is quasi-compact. It has 1 as a simple eigenvalue, and no
other eigenvalue of modulus > 1. The projection associated with the eigenvalue 1 is given by

Prolfi@) = (| Fav)ét),
[0,1]
where v is the Lebesgue measure. In particular, we have
Hyo[€] = €.
Since H%) = Hy'y, we obtain the existence of a linear operator Ny ¢ acting on H", such that
(5.4) 157 = Pag + Nay,

and additionally the spectral radius of Ny ¢ satisfies srd(Ny ) < 1 and P gNa g = Ny P29 = 0.
We will use on several occasions that for f continuous by parts,

(5.5) Hoolfldv = [ fau.

[0,1] [0,1]

5.2. Dominant spectral properties. In the sequel, we will repeatedly use the following

facts. We let H* := Up,>oH™.

— The bounded distortion property [BV05al, eq. (3.1)]: for all h € H*, we have |h"| < ||
with a uniform constant, in particular, independently of the depth of h. This implies that
for all z € [0,1] and h € H*,

(5.6) W @)| = [1(0)]
— For all ¢ > %, we have
> IR < oo
heH

— The “contracting ratio” property of the inverse branches [BV05a, bound 2.4, fig. 1]: for
some p € [0,1), we have the following uniform bound for all £ € N and h € H*:

(5.7) 171y < p’.
Lemma 5.1. — For Re(s) =0 > 1, we have

1L ¢[f] < Moo f1]-
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— For all 0 > 1, there exists A, > 0 such the map o — A, is Lipschitz-continuous and
decreasing, As = 1, and we have the bounds on operator norms

(5.8) HHU,OHO < A, ”HmOHo < A7

In particular, A, < e°?~9) for o € (1,2].
— For some p <1, all k € N and all f € H* with f >0, we have

(5.9) ol < [ 7@+ sl

The implied constant is absolute.

Proof. — The first statement is trivial by the triangle inequality.
— By a direct computation, we have

1 1 1
Hy||, < Ay := sup 13 .
Eelo 2@ e o)

The properties we require of A, are readily verified.
— The third item follows from with any fixed p € (srd(Ngyp), 1), by the definition of the
spectral radius.
O

5.3. Spectral gap at t =0 and 7 # 0.
Lemma 5.2. For 7 # 0, we have |[Hayir||, < 1, and so similarly for ayiro.

Proof. This is a well-studied phenomenon; see [PP90, Proposition 6.1]. Our exact state-
ment for Hoy;r acting on a space of holomorphic functions is proved in [Val03| p. 476] (see
also [Morl5, Proposition 3.2]), however an inspection of the proof shows that it actually holds
for Haysr acting on C([0, 1]), and therefore also on H". O

5.4. Perturbation.

Lemma 5.3. For all € > 0, there exists d,ty > 0 such that for 1 < j < m, the following holds.
— For 0 >2—0 and ||t|| < to, we have

(5.10) |7 — 1

S,

o e e+ el

— For2—90 <o <3 andall T € R, we have

(5.11) HHg’?j-Z'T,O - Hgﬂzw,o ‘0 <o —2].
- For 11, € R, we have
(5.12) HH§J+)1'71,0 - ng«zz‘rz,oHO < |1 =l
Proof. We assume j = m, the general case being essentially identical.
— We have
”Hs,t - HS,OHQ = Sup HHm[(QS,t - QS,O)JC]HO
IFllo=1
< Y W (O)]lI(gst = 95,0) © bl -
heH™

However, for all z € (0, 1], by the bounded distortion property ([5.6]), we have

195, (h(2)) — gso(h(@)] < [I'(0)|7"* el @) — 1] < [1/(0)"* 7 (ell p(2)])



16 S. BETTIN AND S. DRAPPEAU

with & = min(1, ag — €). By Holder’s inequality, we deduce

I e — Maolly < 11 Y [W/(0)]"2 0 hlIS,
heH™
a ooy o/ l—a/a
(5.13) <t ( S HOl|oha|) (X mol) T
heH™ heH™

with ¢ = 50&00:2&0;. Picking § = (1 — ac) = O(e) ensures that ¢ > 3, and with our
hypothesis (3.7) and the bounded distortion property (5.6|), we obtain

S WOleho|C <X X 1O A 0)]|é 0T ey

00 :
heH™ j=1h=hjo---ohmeH™

(5.14) < i > ‘h}(o)w(bﬂhj(z)‘
j=1h,eH

Therefore both sums in (5.13)) are bounded in terms of ¢ and ¢ only, and we deduce the
claimed bound ||IL ¢ — I || < [[E]|“.
— Proceeding as above, we find

Motiro — Mosirolly < > |h'(0)|H(sff—2_1)ohHOO
heHm™

<lo—2] 3 (14 [log [W(0)]])|A(0)[*/>D),
heH™

@0
o]

@Q
< Q.
00

For any o > 1, the last sum is finite, so that our statement follows for any fixed § € (0, 1).
— Once again proceeding again as above, we have

0 < X WO —1yon]

heH™
Letting 7 = 7 — 72, we insert the inequality ||(T" — 1) o k|| < |7](1 + |log|h'(0)|]). The
resulting sum over h being absolutely bounded, we deduce [|IIa4ir,0 — Ioyin o, < |7| as
required.

Iotiry,0 — Hogin 0

5.5. First estimate on |[IL¢||,. The following is a weak form of [BV05a, Lemma 2] (which
is refered to, there, as a Lasota-Yorke type inequality). We recall that the Holder exponent s

was defined in (5.1]).

Lemma 5.4. For all § € (0,x), there exists p € [0,1) such that for ¢ > 2 — 4§, t € RY
with ||t < 1, and 7 € R, we have

MLt [Tl < O+ (s fllo + oIl £l
Proof. Let f € H®. We write

%Hs,t[f] - th: %(g o h)|h/|s/2ei<t,¢oh>(% o h).
E m

Splitting as a sum of differences, we obtain

H%Hs’th <Ifle 3 H%({oh)|h/’s/2ei<t7¢0h)H +poll £y
(%) heMm ()
where
b= || X Heom WP Pwn| , wne) = swp [P oy,
he’H’"E 00 O<y<l vy

This last equality follows from the fact that each h € H* = U,,>0H™ is a homography associ-

ated with an element of GLo(Z) with non-negative entries, h(z) = CCL;::IS’ and so the supremum
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above is sup, |(cz + d)(cy + d)|~! = |W(0)R'(z)|~Y/2. Since |W'(0)] < 1 by the chain rule, we

deduce

>o tEomn | uy < 37 g om0,

heH™ heH™
Note that 0 — 2+ x > kK — d > 0 by hypothesis, and we have |h'| < 1 by the chain rule.
Moreover, for any value of m, we may find at least one h € H™ with [|A'|| ., < 1, e.g. by
composing repeatedly ¢ — 2%_75 Since %(5 o h)|h/| > 0, we deduce

pos < | X Heompw|| =1

heH™ o

Next, by using the rules (4.2)), (4.3), (4.4)), the bounded distortion property |h”| < |h/|, and
simple computations, we obtain successively

1 718/2 Kl 110/2

HE (k) <1, H|h | H(H) < sl
1€ o All ) < (1P, e“t"i"’“H(K) < R  pllL
In the last line, we used the definition . Grouping these bounds using , we deduce

I e T Ao Wil Ll T
heHm ) hen

< 1+ |s]”

since 0/2 +Kk > 1+ K/2 > 1, H(i)”?}!('f)o <1+ ||¢||?£0) (by the definition (5.1))), and by our
hypothesis (3.8]). [l

6. MEROMORPHIC CONTINUATION

Following [Val00], define the generating series
S(t,s):= Y al@)exp(i(t, Sp())),
2€Qn(0,1]

where ¢(z) is the reduced denominator of .
Lemma 6.1. For Re(s) > 2 and t € RY, we have
S(t,s) = Mm% + Hg}t) NI Hgf’;‘”)(ld —TL ) 1] (1).

S,
Proof. This is a straightforward extension of the computations in [BV05al, eq. (2.17)]. O

The aim of this section is to show the meromorphic continuation of &(s,t) to a half-
plane Re(s) > 2 — 6. This will will then be used in conjunction with Mellin transformation to
prodive an estimate with power-saving for EQ(eW’S (@)). We use different arguments according
to the size of Im(s), which is refered to as the height in what follows.

6.1. Small height. The following lemma deals with 7 in a neighborhood of 0. In this case we
use the spectral expansion of Il ;.

Lemma 6.2. There exists ,1,tg > 0, such that for all o,7,t € R with |0 — 2| <4, |7] < 719
and |[t|| < to, the operator gt acting on (H, ||-||; 1) is quasi-compact, and for some A(s,t) € C,
we have 7

H&t = /\(S, t)]P)&t + N&t
where Pt is of rank 1, Pg 4Ny = Ng 4Py =0, IP’gjt =P+, and std(Ng¢) < 1—9. Moreover, for
each such fized t, the operators Ils¢, Pst, Nyt and the eigenvalue \(s,t) depend analytically
on s.

Proof. This is a direct application of e.g. Theorem 2.3 of [Klol9]; see also chapter IV.3
of [Kat95], and [BV05al, p.342]. O
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6.2. Moderate height. The following lemma is concerned with 7 of bounded size and away
from 0. The main tool is again perturbation theory.

Lemma 6.3. For all 79,71 > 0 with 19 < 71, there exists d,ty > 0 such that for all t,o,7 € R
with |[t]| < to, 0 >2 -9 and 19 < |7| < 71, we have

[Mselly <1 -0

Proof. By (5.12) and the triangle inequality, the map 7 ~ |[[IIa1ir 0|, is continuous. By
Lemma [5.2, we deduce that for some number 1 > 0, depending on 7y and 71, we have the
bound [[II24ir0ll, < 1 — 7. By the perturbation bounds (5.10) and (5.11)), we may pick d, o

small enough so that ||ILs¢ — 24470, < 7/2, and our claim follows. O

6.3. Large height. The following lemma deals with the case of large enough |7|.

Lemma 6.4. For some constants 6,71,C > 0, whenever o > 2 —§, t € R? with ||t < 1,
and |T| > 11, the operator Ilsy acting on H" has spectral radius std(Ils¢) < 1, and

STl < |71 og 7).
Jj=0

For unbounded values of 7, perturbation theory is not effective, instead we adapt the argu-
ments of Dolgopyat [Dol98] and Baladi-Vallée [BV05a)], which exploit the cancellation due to
the varying argument of |h/|"". Compared with Baladi-Vallée’s setup, we make two modifica-
tions: we work with Holder-continuous functions, rather than C', and the cost function is not
assumed to be constant on each interval of the partition.

6.3.1. Sums over branches. We will require two estimates involving sums over inverse branches
on T. Define, as in [BV05al, eq. (3.10)],

M) )
zel01] | Wy (z)  hh(x) |
Note that by the bounded distortion property, there exists Ay > 1 such that
(6.1) A(h1,he) <Ay

for all hy, hg € H*. The following property is the statement that condition UNI.(a) of Baladi-
Vallée [BV05al holds for the Gauss map.

A(hy, hg) ==

Lemma 6.5. For some absolute constant p € [0,1), we have uniformly in n € N, hy € H"
and u € [0, Ay] that

S(u):= > |hy(0)] < p" +u.
ho€H™
A(h1,h2)<u

Proof. See Lemmas 1 and 6 of [BV05al; the main point is the construction of a dual dynamical
system (Section 3.4 of [BV05a]) which encodes naturally the quantity A(h1, hs), and satisfies
the dominant spectral bound (5.9). The dual map of the Gauss map is in fact the Gauss
map. [l

Lemma 6.6. Under the assumption (3.8)), uniformly for alln € N<g,0 < j < n—m, we have

A
Z |h/(0)|H¢|Tjoh(I) (0 ) < L
heHn ko

We recall that Z = [0, 1].
Proof. We decompose h = hi o hy o hg, where hy € H?, ho € H™ and hg € H*7~™. We have

AOIESUACTACTAUIN. CVRRTe N (e

(ko)
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so that
A A
> KO élrona |, < (X MONC X 100l|éno|. ) X #OI).
heH™ hieHI ho€H™ hyEHn—I—m
The sums over h; and hg are uniformly bounded by . The sum over ho is finite by our
hypothesis and the triangle inequality (cf. . O

6.3.2. Bound on the L? norm. We recall that A, is an upper-bound for the norm ||H,ollo
provided in (5.8]).

Lemma 6.7. For some d,tg > 0 and p € [0,1), whenever |c —2| < 4§, |7| > 1, ||t|| < to
and ¢ € N, we have

? 12 me -k m Km. —K
(/[ou\“?tm! av) " < AR (7 1 o flly + o).

Proof. Changing f to f, t to —t and taking conjugates if necessary, we may assume that 7 > 0.
Define, for all £ € Nxo, ¥y := 3 g<jcpp 0T, so that

Hf;,t[f] _ Z ei(t,z/zgoh>}h/|s/2(f oh).
heHmt
We note that for all h € H™, by ([&.2)) and ([4.3)), we have

K

oi{tabeoh) < Z Hijoh ei<t’¢>|ijoh(z)
() 05 (1) (%)
(6.2) m(f—j)k w/ ko
< >.p Plrmion(@) || ) -
0<j<t 0

For hi,hy € H™, let
Gy hy = ei<t,¢eoh1*¢e0h2)|h/1h/2’0/2(f o 1) (f o ha).

This defines a function in H®. Expanding the square, we find

/ ) = Y Ik, I h)'—/l (x)mmdm
[071} st — 1,742), 1,12) -— 0 ghl,hQ /2($) .

h1,hoeH™t
We have, for all hq, ho € H™, the trivial bound
(6.3) (1, h2)| < || ghy ho ll o

On the other hand, for all hy, hy € H™ satisfying A(hy, hy) > 0, we have from Lemma the
bound

||gh17h2||oo thl,hQH(N)
T[A(h1, h2) — (I7]A(R, h2))™

The norms are bounded, using (5.7), (4.1), (4.2) and (6.2)), by

o/2
(6.5) Nlgny mallo < 1% 25 (0)RA(0)] 772,
lghniall ey < I oo 5 OREO)72 {1+ 30 3T gt
he{hi,ha} 0<5<L
+ 0 f -
We write || [l o I flloe < I1F120 + I1£1% < 1F /€13, + I1£ /€)%, which implies the variant
(6.6)

thl7h2H(H) < ’hll(O)hIQ(O)’U/Q{(l —+ Z Z pm(f—j)n

he{hl,hg} 0§j<€

(6.4) [1(h1, ho)| <

K/Ko
Slrmson| ) M o

K/Ko

Sl rmion(r) (ko)

MG+ 17}
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Next, for all u € [0, A;] (where we recall (6.1])), we have uniformly

K(u) = max > [R(0)h5(0)|" (1 + ||lpmson, )
hy,ho€H™*
A(h1,h2)<u

< max (3 [BO)](1+ | Slrron )

hi,ho€H™t

o 1/2
(X MmO )
hl,hzeH’"é
A(h1,h2)<u
< AG (0" ul )

by Lemmas and Let n € (0,1] be a parameter. We insert the bounds (6.5) and (6.6))
in (6.3)), (6.4), and we sum over (hi, he). When A(hy, he) < n, we use the trivial bound (6.3)),
otherwise we use (6.4). Using our bond on K(u) above, the symmetry hy <> hg, the fact
that k/ko < \p/2, and partial summation, we find

K(A4)

o Ar 1 Kk \ K(u)du
Aty S dhe) < IR+ S5 [ (e ) R
hl,hQG'Hme "

Xo/2
(ko)

)

Ao / o—1\1/2
) )7)

Kl 2 A
il P b + K(u)du

- 1 1 1

<2 0 (14 2 o)+ 25)
1 mej2 | /2

2 kml( ~ P n

A (et e )

Choosing n = 1/7, we obtain

2 \1/2 . - .
(/[0 . ’H?t[f]‘ dy) < AL L ((r 24 6/4)||f|]0+7' 2, e/z”le)

as claimed. OJ

6.3.3. Bound on the L>® norm. Next, we transfer the L? bound relative to the invariant mea-
sure into an L bound, following ideas of Dolgopyat [Dol98] adapted to this context by Baladi
and Vallée [BV05al, section 3.3].

Lemma 6.8. For some p € [0,1) and ¢y, 0,79 > 0, depending on n and k at most, whenever
o>2-0, T > 70, It <1,

then letting n = |colog 7], we have

|zt < om0

Proof. By using the Cauchy—Shwarz inequality, as in [BV05a, Lemma 1], for all z € [0,1]
and f € H", we have

kL f(x
Wg( > @) (X W@IrP o nw)

heHmE heHmk

/2

1 1/2
k m
< A3 ( [ 111 v+ ore1117)

for some p; € [0,1) independent of k. We use this with f replaced by Hgt[f], with k, ¢ being
any choice with k+ ¢ =n and ¢ = k + O(1). By Lemma and the bound (j5.8]), we deduce
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that for all small enough § > 0, if ¢ > 2 — §, then
n n —K mn/8 mnk /4 s
[z 11|, < PO (24 ol + o 2 L)

By choosing n = clog|7|+ O(1) with ¢ = 4(m|log p1|) ™!, and then 7q large enough and § small
enough in terms of x, we may ensure that

[z )|, < P11

mF"/ 10 < 1 and as claimed. OJ

with p =

6.3.4. Proof of Lemma . Iterating the bound of Lemma and using (b.8)), we have for §
small enough and all n > 0 the bound

[z i1, << <P ISl + o701

for some p € [0,1). We replace f by IIZ,[f] and use Lemmas and We find that for
some constants 79 > 0, ¢ > 0 and p € [0, 1), if ¢ is small enough and n = |¢yplog 7|, then

i ], < G 2 HH B R tfH
(P4 eIl I 4 O )],

At the cost of choosing ¢ large enough and ¢ small enough in terms of the implied constants,
we obtain

[z, < o218

By iterating, this bounds also holds for n = k|c¢plog7|, k € N, from which we deduce by
Celfand’s inequality that srd(Il,;) < p'/4, and H(Id —Hg’;)*lHl < 1. Finally, from the
’ ,T

bounds ‘
17 Z Hﬂévt

H (Id 7H3’t)_1’ 1,r
’ T 0<j<2n

< ||a -~z 1|

’1,7’

and HHg,t

’1 < e9Uo=2l1) we get the claimed result.
T

6.4. Deduction of the meromorphic continuation.

Proposition 6.9. For some 19,t9,0 > 0, and all ||t < to, the function s — &(s,t), initially
only defined for Re(s) > 2, has a meromorphic continuation to the set

H = {SEC, s=o+ir, 0 >2—0},

with possible poles occuring only for |T| < 10 and X(s,t) = 1. The meromorphic continuation
of s +— &(s,t) is bounded uniformly in Re(s) > 2 — 9§ and |7| > 19 by

(6.7) 16(s, t)] < |7|OmO2=D 1og(|7] + 2).
More precisely, for |T| < 19, the function
A(s, t
(6.8) s G(s,t) — 1—()\(3)15)(1_1(0) + 1 4 )R [1)(1)

has an analytic continuation to o > 2 — 0 and |7| < 19, and is uniformly bounded there.
Proof. By Lemma we have for Re(s) > 1
(6.9) S(s,t) = (MY + -+ 1) ST I, [1](

j7>0

Then Lemma yields the analytic continuation of for |7| < 7y for some 79 > 0. Then
Lemmaensures the existence of 71 > 0 such that the sum over j in converges uniformly
over compacts in the region ¢ > 2 — § and |7| > 71, and yields the bound (6.7). Finally,
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applying Lemma with the values of 79 and 7 gives the same conclusion for 7o < |7| < 77.
The conjunction of these three cases covers the whole half-plane H. O

7. ASYMPTOTIC BEHAVIOUR OF THE LEADING EIGENVALUE

In this section, we study the behaviour, for small ¢ and s close to 2, of the leading eigen-
value A(s,t). The estimates in this section will reduce the problem to the estimation as t — 0
of the integral

1
/ 6@ ¢ (2) da,

0
where we recall the notation (3.6). We recall the hypotheses (3.7)), (3.8).

7.1. Perturbation theory and existence. Let

m7r2

" 12log?2’

(7.1) 0:=-m /01 log(z)&(x) do

Lemma 7.1. For all small enough € > 0, there exists tg > 0 such that whenever |s — 2| < e
and ||t|| < to, we have

(7.2) 810)\(5, t) = -0+ 0(6),
and
(7.3) A(s,t) —1= (=24 0(¢))(s —2) + O(e).

Proof. Let fs; = P,4[¢] denote an eigenfunction of Il ¢ associated with the eigenvalue A(s,t).
By Lemma and [Klo19, Theorem 2.6, estimation of Pr], we have

(7.4) 1 fot = Elloe e s =21+ [[E] + 12

On the other hand, differentiating the eigenvalue equation Hy o[gs+f] = A(s,t)fst and inte-
grating with respect to the Lebesgue measure, we get

O10A(s, t)/ fspdv = / ((log T)gstfot + (gt — A(s, t))alofs,t> dv.
[0,1] [0,1]

)

Here we recall the notation (5.2)). Setting (s,t) = (2,0), with foo = £ and g0 = 1,
gives 010A(2,0) = —0. Using the bound ([7.4)), we get the approximation ([7.2)). O

Lemma 7.2. For all n > 0, there exists tg > 0 and a unique function s : [—to,to]d — C such
that s0(0) = 2 and, for ||t|| < to,

[so(t) =2[<n,  Also(t),t) =1.
Proof. This follows from a general form of the implicit functions theorem, e.g. [Kum80, Theo-

rem 1.1], whose hypotheses are satisfied by virtue of Lemma . g

In what follows we will not discuss the regularity of so(t) at each t: we are only interested
about its asymptotic behaviour around t = 0. We will use results on effective perturbation
theory of linear operators, which have been worked out recently in [Klo19].

7.2. The sub-CLT case. We first focus on the case where we do not aim at extracting a term
of order 2 in the asymptotic expansion.

Lemma 7.3. For ||t|| < tyg, we have

IR
so(t) =2 = 5 [ (@440 — 1)e(a) do+ Ou(e]* + 141>,
0
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Proof. By Theorem 2.6 of [Klo19], we have
1
Mo t) = [ Ts€(@)do + O(M — Thaol?)
1 1
= (5-2) [ [$T06] @) do + [ Taagle)do +0x(1s — 2P+ el + o)
(7.5)
1 1 .
= (s=2) [ [FHlgu0el], @) o+ [ EEEI @) do+ O =2 + 41 + 127)

by (5.2)). Since [H[f]dv = [ fdr and H[{] = &, the first integral is mfol log(z)é(z) de = —d.
The second equals fl ! t:¢@)¢(2) dz. For a = min(ap, 1), we have

[ —nas] <ol [ Iglear = el [ wliglog av < el

by our hypothesis and the triangle inequality (cf. (5.14)). Setting s = s¢(t), we de-
duce so(t) —2 = O(HtH +1|t]|**) by combining (7.5)) and (7.6). Then another use of (7.5) yields
O

our claimed estimate.

(7.6)

7.3. The CLT case. Our next goal is to extract the term of order ||¢/|? in the analysis above.
We assume throughout that cg > 1. In order to describe the order 2 coefficients, we introduce
the following notation. Recalling (5.2)), let

=2 [ (o
(7.7) K[/] = é(ld—Hm)‘le[fﬁ],
Y=+ pgylog ¥,
(7.8) x = K.

The well-definedness of pg follows from our hypothesis ap > 1. Note that x is bounded
on [0, 1], because

INfoellloo < f bl + [ el

7

<t [ gl s 3 HOlIPhle

heH™
which is finite by (3.7]).

Lemma 7.4. If ag > 1, then

(19) o) 2= [ (D 1ea)dr— £ 0yt + O + 1),
0

with

@0 o=t [ (Ge-6) -9+ o @) X

Moreover, if ag > 2, then

(7.11) so(t) =2 = i(t, pug) — 5" St + O([It]* + [[£]*°7°),

with
1 [t T

(7.12) Eqbi:g/o(¢+x—xon)‘(¢+x—xon) £dv.
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Remark. With the definition ((7.12)), it is clear that the matrix 3¢ is symmetric, positive semi-
definite. It is definite if and only if the vectors {(¢» + x — x o T")(x),z € (0,1)} span the

whole space R?. By our hypothesis (3.7), we have fol l|@|||log | dv < oo whenever o > 1,
so that the matrix Cy is well-defined in this case. Similarly, the matrix Xy is well-defined
whenever ag > 2, since in that case [j ) (|9 - T dv < 1+ Jio.1) o> dv < .

Proof. We extend the computations of Lemma, using our hypothesis on g to expand the
quantity gs¢ = ellt:®) T2 6 order 2 at s = 2 and order 1 at ¢ = 0. Let

As,t = Hs,t - 1_[2,0-

We write e®9) = 1 +i(t, @) + O((||@||[|t]))™(Z*0=9)). Letting s = so(t) = 2 + O(||t]]), we
obtain

1 1 1
/ A& dy = / (e®) —1)¢dv — (s — 2) +i(s — 2) / (t, ¢)(log T)¢ dv
0 0 0

1 ! an—e
+5(s =22 [ og D2 + Ol + 1]+ 7)

1 . —
= [ O g —(s —2) T Crgt + O + 1] ),

where C ¢ = fol o (Y — ) ¢dr + %fol (¥ — @) (Y — p)T¢dv. We use again Theorem 2.6
of [Klo19], getting

1
Mot =1+ [ Auggdv+ /[ a1 =) 1 B)A, £+ O(1 sl
0 0,1
By computations similar to (5.10]), we have

1
8calf) = B0 )= a0t ([ o dv) B oA < (117 1)

0
Note that the left-hand side can be written [|Ag¢[f] — i(t, H™[¢ f])[|,- We deduce

As,t (Id — Hm)_l(ld _P)As,tg dv
(0,1]

= _/01<t,¢>(Id—Hm)—l(ld—P)Hm[<t7¢>§] dV+Os(HtH3+Ht”l—i_ao_s).

Since PH™ = P and H™ = P + N™, we have (Id —H™)~1(Id —P) H"[f¢] = ¢K[f] where we
recall the definition (7.7). Therefore, we have

- /0 1<t, P)(Id — H™) " (Id —P) H™[(t, 9)¢] dv = —T Cy 4t,

where u”” denotes the transpose of the column vector u, and Crp = f[o 1] (¢- K['J,ZJ]T)f dv. This
proves ([7.9) with Cy = C ¢ + C5 4 as claimed.
To prove (|7.11]), we note that by the hypothesis oy > 2, the quantity ((7.12)) is well-defined.
In order to expand it, we first note that, with the definition (7.8]), that by construction
Pluse] = Lot + nsélosT) = ([ ¢¢+07 ([ gav)( [ogmeav))eav =0
since [(log¥)¢ = —0. Therefore

x€ = (Id —H™)"'N"[gpg] = > H™[ypg] = H"[(yp + x)¢]-

Jz1

By the property [ f(goT™)dv = [H™[f]gdv, we have

J@+x)- (o™ edr = [E{w+ X0 X" dv = [x-xed
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Similarly, we have
Joxor™) - (xo T edy = [E (x0T X" dv =[x xT€dw,
We deduce that, with the definition , we have
So= [W+x) @+xTedv—2 [T dv+ [(coT™) - (xo T ¢dv

_ /¢.¢ngy+2/¢-ngdy.
On the other hand, expanding the squares in , we find
20¢:/¢~¢T§du—/¢-¢T§dv+2/¢-xT§dy.
The claimed formula follows by the Taylor expansion e = 1 4+ u + %uQ + O(u0¢)
with u = i(t, ¢). O
8. PROOF OF THEOREM [3.1]

Recall that Qg consists of the rationals in (0, 1] of denominators at most @, and let

(8.1) Xo(t) = ) exp((it, Sy(@))).

x€Qg
Proposition 8.1. For all ¢ > 0, there exists d,ty > 0 such that for ||t|| < to, we have
Eq(e'®50@)) = @©OW=2{1+ 0:(Q + |1t + [1¢]™°~%)}.

Proof. Recall that xq(t) was defined in (8.1)), so that Eq(e’®%(=)) = yo(t)/xo(0). Let Q > 1
be a parameter, and w : Ry — [0, 1] be a smooth function satisfying

(82) 1[071} S w S 1[0’1_’_9—1}, Hw(])HOO <<] Q‘j
Then by a trivial bound on the contribution of ¢ € [Q, Q(1 + Q~1)], we have
(8.3)  xo)=0(Q7'Q%) +xg(t),  where Xg(t):= Y ei<t’5¢(“/q)>w<%).

1<a<q
(a,9)=1

By Perron’s formula, we have
1 341400 R
Rolt) = 5= [ @'e(s bl ds,
—100

where the Mellin transform @(s) = [5° w(u)u®"!du is defined for Re(s) > 0. We move the
contour to the line Re(s) = 2 — 4. If tp,0 > 0 are small enough, then by Proposition we
encounter exactly one pole, at s = s9(t). By Cauchy’s theorem, we deduce

1 2—6+i00
8.4 Yo(t) = Res (Q°6(s,t)w +—/ S(s,t)w(s)ds.
(5.4 Rolt) = Res (@S(sta(s) + 5 [ Qs nals)
For some absolute constant C' > 1, Proposition [6.9] yields the bound
&(s,t)| < (|7 + 1),
On the other hand, we have |@(s)| <¢ QC+2]s|~“~2 for Re(s) € [1/2,3] by integration by
parts and (8.2)), so that
2—041i00
/ Q*S (s, £)d(s) ds
2

—d—i00

(8.5) < Q223

Finally, we have by

(8.6) Res (Q°&(s, t)i(s)) = — 2o 20) s~ ) p 1),

s=so(t) 310)\(80, 0<j<m
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where we abbreviated sy = so(¢) in the right-hand side. Again by [Klol19, Theorem 1.6,
estimation of Pr| and Lemma we have || Py, ¢ — Paollo < ||t]] + [|t]|*°™°, and therefore

1
= 14+ O (||t ]|
S L+ 0Lt + 6177}
for 0 < j < m. The quantity d19A(so(t),t) was estimated in (7.2). Finally, we have by ({8.2])
R 1 _ _
@(s0) = 5 {1+ O:(€2 E (el 0T

Inserting these estimates in , we deduce

1Y) Py, ¢[1](1)

so,t

~ 3 s — og—
Res (Q"S(s,1)(s)) = 5@ {1+ 007 + 1] + 1)},
S=S0

Grouping this and , we conclude
XQ(t) = Q{1+ 07+ 0°F2Q 4 1] +[1°~)}.
Our claim follows by optimizing Q = Q%/(¢+3) and dividing by xQ(0). 0
Proof of Theorem[3.1 We use Proposition along with Lemmas and the value .
0

9. APPLICATIONS

When using the Berry-Esseen inequality, we will require a separate treatment of very small
values of t in order to handle the error term O(Q~?) in Theorem ﬂ (the argument described
in [Goulb, Remark 3.8] is not readily adapted since part of this term originates from counting
pairwise coprime numbers).

Lemma 9.1. Suppose that the function ¢ satisfies (3.7) and (3.8)). Then we have
(9.1) Eq(e'®Se() = 14 O(|[¢]*/* log Q).

oo/,

Proof. For all n > 1, define ¢(n) := SUp,c( 1 1) |d(x) Then with the terminology
n+l’n

of [BHO8, p.750], the function ¢ has strong moments to order 3. Setting a;j(x) = [1/7771(z)],
we deduce Eq (327 c¢(a;)) < log @ by [BHO8, Remark 1.2]. We conclude by taking expecta-

tions in the bound |e*(t% (@) — 1‘ = O(X -1 (IEll]| (T (x))[|)20/3). O

Proof of Corollary[3.2 In (3.11)), we estimate the integral J,(¢) using [BDal, Proposition 2.1],
which amounts here to integrating the Taylor expansion of () at ¢ = 0. From (7.12), and
with the notation (3.12]), we obtain

2

(9:2) U(t) = itp — %02 + O ([t[min@a0=e)y
where, with ¢ (x) = ¢(x) + plogz,
12log2 [! d
7= T:;g /0 ((z) + x(z) — x(T(x)))? . fx

We recall that x is related to ¢ by (7.8)) (with m = 1). It is clear that ¢ > 0. If o = 0, then
the integrand vanishes identically, and we would conclude that ¢ = —plog—x 4+ x o1, con-
tradicting our hypothesis. We use the Berry-Esseen theorem [TenlI5| theorem I1.7.16], [Fel71,
equation XVI.(3.13)] with T = ¢(log Q)'/? for some parameter ¢ > 0 to be chosen. Let
_ . Sp(z) — plog @ ._
flr):= EQ(eXp (ZT o /o5 0 )), g(t) :=e

When |7] < Q79 we use Lemma and a Taylor bound, getting
F(r) =1+ O(7|"(1og Q)' 7/ + |7 (log Q)'/?).

—7'2/2




LIMIT LAWS FOR RATIONAL CONTINUED FRACTIONS 27

When Q% < |7] < (log Q)¢, we use Theorem 3.1} getting

2

f(r) = exp{—%—i—()((

il " 1

log Q)72 " (log Q)ea/Z <2 @)}

(14 O((logg)l/2 + Tog 5&0/2_1_5/2 - @))

Finally, when (log Q)¢ < |7| < T, we get

|Oé()—€ 1

2 apg—2—¢ 1

1
flr)= exp{ - %(1 + O<‘7’](log Q)l/z + (10g|65|)0‘0/2_1_€/2 + TZQ‘;)}
= exp{ - 7_22(1 + O(cao_z_a)}

and so, for some small enough choice of ¢ > 0, we have |f(7)]| < oT2/3.
We deduce

/T
T
-5

Q .
< / (r2/3 (log @)1~/ + (log Q)'/* + 7) dt
0

f(r) —9(7)

T

dr

(log Q)°
+ /Q5 e—72/2((]og Q)—1/2 +Ta0_1_a(10g Q)—a/2+1+a/2 +T_1Q_5) dr

T
+ / rle ™3 dr
(log @)=

< (log Q)2 + (log Q)~@0/2+1+=
and therefore by the Berry-Esseen inequality

Sp(x) — plog @ 1 /T
P <v)—9® =
wlPe( o mgg sl <t

as claimed. 0

1
(log Q)min(l/Q,ao/Q—l—e)

f(r) —9(7)

T

dr <«

9.1. Central modular symbols. Let f(2) = 3,51 ane(nz) be a non-zero primitive Hecke
eigencuspform of weight k for SL(2,7Z) with trivial multiplier. Note that k is necessarily even
and k£ > 12.

Define, for all integer 1 < m < k — 1 and all z € QQ, the modular symbol

(9.3) (x) fm = ((2m>m

m—1)1 /:OO f(2)(z—2)™ tdz.

Lemma 9.2. For m > k/2, the function x — (x) ., initially defined over Q, can be extended
to a bounded function in H'~¢(R) for any e € (0,1).

Proof. By Deligne’s bound [Del74], we have |a,,| <., ; n#~1)/2+¢ Therefore the sum >on>1 lanl/n™
is finite, and we deduce by Fubini’s theorem that for x € Q,

(@) fm = (1) >

n>1

ane(nz)
nm

and the left-hand side is now defined for x € R. By [Iwa97, Theorem 5.3], we have

(9.4) > ane(nz) <5 t"%log(2t)  (t>1)

n<t
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uniformly in 2 € R. Let z,2" € R, § = v — 2’|, and for t > 1, S(t) := 3, <; an(e(nz) —e(nz’)).
Then using (9.4) and partial summation, we obtain |S(t)| <. s t*/2+¢ min(1, dt), and so

o0
(@) pan = @b gan] g [ € min1, 6) e
1
<<€,f 5+ 5mfk/275
as claimed, since m > k/2 + 1. O

Lemma 9.3. For any ¢ € (0,1), some function ¢y € H'"%([0,1],C), and all x € Q \ {0}, we
have

(@) pry2 = (51 py2 + Op(2).
Moreover, we have ||¢ o hH(l_E) < 1 uniformly for h € H*.

We will actually only require the last bound for h € H.
Proof. For Im(z) > 0, define

Zk1”z

n>1
_ Za e nz 27”)k ! /ZOO Tk72e27rim' dr
n
n>1 1) 0
(—2mi)k—1

Using the modularity relation f(—1/z) = 2*f(2), and changing variables 7 — —1/7, we obtain

(YZ ;z_)lk)_!l Hf1f) =2 | 122 () dr = / (17 1/ )2 () dr

-1/z

= —/ (r— z)kfzf(r) dr
0
and so the period polynomial of f

R R i)kl
1512 = Fo) = #2f-1/0) = L2 [T sy yan ) > o)

is indeed a polynomial in z of degree at most k — 2.
Let now = € Q5. As § — 0 with § > 0, we have

R ri)k—1
Fla1+i) = ((:)1) [ i ) ar

27rz (/“X’ /”C(H“s ) (7 — 2 — iz8)*2f () dr

The second integral is Oy g, f(éM ) as & — 0 for any fixed M > 0, since f is a cusp form. Thus,
by the binomial formula, we obtain

(—1)k~1 522 (27r26)"

fla(1+i8)) = (@) ph—1- + 00, (8°72).
(k=1) = 0
In the same way, since —m = —1(1—4¢') with &' = 6/(1+ 1), so that Re(d) > 0, we have
-~ 1
14 sV Ve—2 7
(@l +i0)* (-5 +2.5)>

k 1 k-2 N .
Z Z —2mi)i (k—2— /-1
7T7J) < . ])kuJ < > 4 Om,f((skiQ).
/=0 T fk—1—j

S b=
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With m := k/2— 1, reading the coefficients of 6™ on each side of the definition of 7¢(z(1+19)),
and since k is even, we deduce

Y Z%x] < > — —(k — D)) (@),

fl+m+j

Cjk = ]'(?) (m;_‘y> (—2mi) ™/

We single out the term j = 0. The function

ch () — (k= )(2m)mm (@),

fl+m4+j

defines, by Lemma a function in Hl_s([nil, 1) for all e € (0,1) and n > 1. The

value co = 1 proves our claimed formula. Finally, for h € H, by the rules (4.1), (4.2),
(4.4) and 1-periodicity of x — (x)f14m+;, we have

o5 o hly—.y < fﬁ | h<$>”'<w>f,1+m+jH

(1—¢) (1—¢)

R ] +

<<fz H (R?)

<y 1.
By the rule (4.2) again, and since ||h[|(1) < [|h/||c < 1 for h € H*, we deduce that the same
bound ||¢y o h‘”(l—s) < 1 holds for h € H*. O
Proof of Theorems and[27 Tterating Lemma we have for all z € QN (0, 1],
(9.5) (@) =Y O((=1) T (@) + (0) 4 1 /2-
j=1

Note that changing the coordinates of the set Z C R? by an amount O(1/y/Iog Q) in (2.2)
does not alter the right-hand side, so that we may replace (x)s /2 by () fx/2 — (0)fx/2- For
all t € R?, identifying C ~ R? with basis (1,1), we let
i(t, () f 2 — (0) f1/2)
x(t) :=Eq( exp : : ,
Q ( { OfA /log Q })
where we recall that oy was defined in Theorem We apply Theorem with m = 1 and

d = 2. The hypothesis (3.7)) is satisfied with cg = 4, since the function ¢ is continuous on [0, 1]
by Lemma and therefore bounded. The hypothesis (3.8) is satisfied for any Ay < ﬁ,

by using Lemma and noting that quf|h(I)H(1fs) < |h/( )|—1+s||¢f o hH . Using (3

along with the expressions (7.11)), (7.12)), we obtain for some s € R? and real 2 X 2 matrix X
the estimate

_ : 1T e+ el 1
X(t)-exp{z(t,,uf) 5t th—|-0< Vg0 +Q5>}.

To compute the variance, we appeal to the bound
(9-6) Eq(|{x)fm — 11 log Q') < (log Q)*.
This can be proved by shifting to the setting of [BV05a], where the variable ¢ is extended to

a complex neighborhood of the origin; the functions U,V defined in (3.10) are, in this case,
analytic in ¢ near the origin, by boundedness of ¢;. Then by e.g. [Bil95, th. 25.12] and ,

we find .
Eq () f1/2) S~ tim EqQ((@) £.r/2(2) } /o)
Q- logQ I g5 O’J% log @ .
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On the other hand, as @ — oo, we have the following asymptotic formulae, where now (z) /2
is interpreted as a complex number:

(9.7) EQ((x) sm) = o(log @),
(9-8) Eq({x)}m) = o(log Q),
(9-9) Eq(|{x)fm|*) ~ 20% log Q.

These statements can be proven (in a stronger form) by standard methods, using orthogonality
of additive characters, the approximate functional equation [IK04, Theorem 5.3] and Rankin-
Selberg theory [Iwa97, Chapter 13.6]. The value o appears as O'J% = Ress—1 L(f x f, 1), which
is evaluated in [Iwa97, eq. (13.52)]. Note that the analogues of and with a single
average over numerator have recently been computed in [BFK™]; in their result as stated,
however, the denominator is assumed to be prime.

The equality shows that py = 0. The equality shows that the matrix ¥y is a
multiple of the identity, and the equality then shows that Yy = Id. Using the Berry—
Esseen inequality, along with Lemma (9.1} concludes the proof of Theorem 2.3

To justify Theorem we use again the analyticity of U,V defined in in a neigh-
borhood of the origin. Hypothesis (4) of [Hwa90] is therefore satisfied in our case with ¢(n)
replaced by log @, and follows by [Hwa96l, Theorem 1], taking ¢t = £1/log Q. O

9.2. Central value of the Estermann function.

Proof of Theorem[2.1 The Estermann function D corresponds to Dy in notation of [Beti6].
For x € Q, it is the analytic continuation of

D(s,z) = Z e(nz)T(n)

s )
n>1 n

initially defined for Re(s) > 1, evaluated at s = 3. We recall that 7(n) is the number of divisors
of n. We use [Betl6, Lemma 10], noting that the quantity v;_q/v; corresponds to 7771 (z).
Therefore

D(3,2) = C(5)*+ D> (17" (),
j=1
where
oj(x) = %x_l/Q(log(l/:E) + v — log(8m) — g)
+ (—l)j_li%x_lﬂ(log(l/x) + 70 — log(8m) + %) + C(%)Q + 5((—1)%),

and &, which corresponds to £(0, -) in the notation of [Betl6, p. 6900], is bounded and contin-
uous. By comparing the cases N = 0 and N =1 of [Betl6], eq. (3.17)], we have

—1) YRR . ey
010) @ =@+ Y S04 25 (00 +5 1)+ <),
jefrzy 7
where & € C([0,1]). For j > 1, the function D(3 + j,-) belongs to HY?7¢([0,1],C) for
all e € (0,1/2). We deduce that the right-hand side of (9.10) defines, for all n > 1, a
function in HUZ*E([%H, 1],C). By an argument identical to Lemma we also have the
bound [|€ 0 hl|¢y/5_.) < 1 for all h € H?, and similarly for x + £(—z). This validates the
hypothesis (3.8) with any \g < 1.
On the other hand, setting ag = 2 — ¢, we have

«
> ROl 152 < - n72nlog(2n)| ™ < oo,
heH n>1



LIMIT LAWS FOR RATIONAL CONTINUED FRACTIONS 31

and so the hypothesis (3.7) holds. We apply Theorem with m = 2, d = 2, and the above

given value @ = 2 — . In the estimate (3.11)) we evaluate the integrals by appealing to [BDal,
Corollary 3.1]. We deduce that there is a constant p € C such that, letting o = 1/7 and

Lx)y—pulo
x(t) == ]EQ<exp {iRe (ta(logg),l/g(loglloig)?’ﬂ)})’ (t € C),
we have
(9.11) X(t):exp{ L § +O(Q5+(lo|gt|lo—;g)21_5)}'

We then obtain, by the Berry-Essen 1nequahtles and the bound for small frequencies, the
statement of Theorem up to the value of the expectation. We compute the expectation
from the initial object, using the expression [IK04, eq. (3.2)] for Ramanujan sums. For s € C
with Re(s) > 1 we have

> Dis,afq) = (s> n(3 )5 (1 0™,

1<a<q elq s ||€
(a,9)=1
and so by analytic continuation
Z D Q,a/q Z'u( ) (5)61/2 H(l_#ﬂp—l/Q):OE(ql/%f—a).
1<a<q tlq ol
(a,9)=1
We deduce that
(9.12) Eq(D(3,2)) <= Q712+,

On the other hand, by (9.11)), we have
X(t) =1+ 0-(Q° + (loglog Q) ~/**<t 4 1%),

whereas exanding the exponential as e = 1+ ju + O(u3/ 2) in the definition of x(¢), by (9.12] -,
we get

X(t) = 1+ itp(log Q)'/*(loglog Q)~*/* + O(Q /2 + [t}/*((log @)"/* + Eq(|D(3,2)[*/?)).
Using the trivial bound ’D ‘ < Z r(@ [ aj(x z)%/3 and Hélder’s inequality, we find
r(x) r(z)

Ba(ID(} ") < Eo(( 0 (X 0se))

j=1
< (log Q)5/ ?
by the bound r(z) < log(denom(x) 4 1) and [YK75, Theorem]. Setting t = Q~%/2, we obtain
p(log Q)12 (loglog Q) ~*/? = O.((loglog Q) ~/**%)
and so p = 0, by letting (Q — co. O

9.3. Large moments of continued fractions expansions. For all A > 0 and z € QN (0, 1),
we recall that 3 (z) was defined in (2.4)). For 0 < o < 2, define

Co = <F(1 —Wc;z)/(lzgs(?)>1/a

_6
ga(x) == ‘ .
/ eitz—eiltl(1+i2 sen(®) log 1) g (a=1)
27 J—o
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be the probability distribution function of a stable law Sy (cq,1,0) (see [ST94]), and

Ga(v) == /U Jo(z) dz.

—00

Theorem 9.4. Let A > 0 and v € R, and for A < 1 define uy = % don>1 n? log(gg:ig))
(1) If A < 1/2, then with for some oy > 0, we have

¥1/2(x) — palog @ B 1
oxv/Iog Q = v) = ®(v) + OE((log Q)min(1/2,1/(2)\)7175))'

(2) If X\ =1/2, then with o = (72/6)~'/2, we have

(9.13) rDQ(

by — 1

( 1/2(z) — p12log Q - U)
o+/log Q log log Q)

(8) If 1/2 < A < 1, then

(9.14) — ®(v) + O<<10gloglo)1—e)‘

Ex(z) — palog @ _ L
(9.15) PQ( 1oz 0)" < v) =Gy(v) + 0(w)-
(4) If A =1, then letting o denote the Euler constant,
Yi(x) loglog@ — o _ 1
(9.16) PQ(IOgQ - w212 < v) =Gi(v) + O(w)-
(5) If A > 1, then
EA(.CC) . 1
(9.17) PQ(m < U) = Gl/)\(v) + O(W)'

In all four cases the implied constant depends at most on € and \.

Except for , we expect the error terms to be optimal up to an exponent €. The esti-
mate is in accordance with results on the statistical distribution of maxi<;<, a; [Hen91,
CV11].

To prove Theorem we note that ¥y (z) = Sy, (z) with ¢y (z) := |1/2]*. The function ¢y
satisfies the hypotheses of Theorem withd=m =1, ag = 1/\ — ¢, ko = 1, and all small
enough exponents Ay > 0.

9.3.1. Case A < 1/2. We wish to apply Corollary To proceed, we need to show that ¢, is

not of the shape clog+f — foT. Suppose that it were, let n > 1 and = € (0, 1) solve x = L

n+x”

Evaluating at z yields n* ~ —clogn as n — oo, a contradiction. Corollary may be applied

and yields (9.13)).

9.3.2. Case A = 1/2. The estimates (3.9)—(3.11) hold, and the integral is evaluated in [BDal
Corollary 3.2]. With the notation o = (72/6)~ /2 and

B1/2(x) — pyalog Q
=E
X1/2,0(t) Q(exp {Zt o/log Qloglog Q })
we find that for || < loglog @,
3¢ 1 2] t
¥l =ep{ =5+ 0(gi + 1o 07 * (loglog @) )

On the other hand, by (9.1)), we have x; /5 o(t) = 1—1—O(|t|1/2 log ). Inserting these two bounds
in the Berry-Esseen theorem [Tenlb, theorem II1.7.16] yields the claimed conclusion ((9.14]).
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9.3.3. Case A = 1. We use the estimates (3.9)—(3.10]). Define
_ _E1(z)  loglog@Q — o
X1,0(t) == EQ(eXp {lt(logQ - 7219 )})
Then for 0 < t < (log Q)' ¢, we obtain by [BDal, Corollary 3.3]

1—e 2—¢
X1,0(t) = exp{ 2/12 (|logt\ - m) + O<C;5 |t|(logg)|f|5>}’

and we may again conclude by the Berry-Esseen inequality.

9.3.4. Case A ¢ {1/2,1}. Assume first A > 1. Then we use the estimates (3.9)—(3.10]). Define

Yo(x
XQ(t) == EQ<exp {Zt(l g(Q; })

Then, by [BDal, Corollary 3.2], for 0 < t < loglog ) we obtain

1 tl//\fz-: tl/)\

— — X1 — ud el

xx,0(t) exp{ (ciat) /(1 —itan(gy)) + O(Q5 + (log Q)12 + (loglogQ)l_f)}

and we may again conclude by the Berry-Esseen inequality and Lemma

The case A € (1/2,1) follows by identical computations, the shift by ) log@ being ac-
counted for by the linear term in the asymptotic evaluation of , as performed in [BDa),
Corollary 3.2]

9.4. Dedekind sums.
Proof of Theorem [2.7. By [HicT7, Theorem 1], we have for z € QN (0,1) the equality

s(x) = 65 + 112]; ¢ (T7 " (2)),

where |6,| < 2 and ¢;(z) := (—1)77![1/z]. Note that ¢; depends only on the parity of j.
Since changing v by an amount O(1/log @) does not affect the right-hand side of (2.7)), we
may replace s(x) by s(z) — ;. Let

— 6,
x(t) —EQ(exp{zt (1 )gQ })

Then Theorem applies with d = 1, m = 2 and the functions ¢; defined above, with ay =
1 —e. We use the expression (3.10) and refer to [BDal Corollary 3.4] for the evaluation of the
integral, obtaining

i ¢+ [¢]
X(t):exp{—f+0( —&-7)}
Q  (logQ@)t==/J’
and we conclude again by the Berry-Esseen inequality. O
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