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ABSTRACT. We study series L(z, s) := Y., p(n)e*™* /n* with coefficients p(n) given
by Fourier coefficients of an automorphic form ¢ for a discrite co-finite subgroup I' C
SL(2,R), and z € R.

Let b € T be representative in R U {oo} of a fixed cusp of G. Ordering the orbit T'b
by growing denominators, we prove that the values L(x,1/2) for € T'b, suitably
normalized, become equidistributed according to a standard complex Gaussian law,
under necessary assumptions on the Laplace eigenvalue of ¢. Previously this was known
when either I' = SL(2,Z), or when ¢ as associated to a cuspidal holomorphic form.

This applies in particular to central values at s = 1/2 of additive twists of Maaf forms

L-functions Y, - a,e*™™* /n®, or to the Dirichlet-Theta series . -, x(n)e2™in’e /ns.
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1. INTRODUCTION

The present paper is concerned with the statistical distribution, as x varies among
certain subsets of real numbers, of series of the shape

(1.1) L(z) =Y _a(n)e’™"*

n>1

where a(n) is a sequence resulting from a number-theoretic construction. For reasons
explained below, we normalize the sequence so that a(n) ~ n='/2%°() on average, and
we write

p(n)

ni/2’

This question arose historically from investigations on equidistribution modulo 1 of var-

ious sequences, and can be traced back at least to works of Fortet [For40], Kac

a(n) =
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and Salem-Zygmund [SZ47]; we refer to the survey [Kac49] and the recent paper [AB10]
for references. We are interested here in cases where the sequence p(n) arises from an
arithmetic construction related to L-functions.

When p(n) is constant or periodic, the map L(x) is a linear combination of polyloga-
rithms, and its values are distributed along the graph of a real-analytic map on R \ Z.
This is the case when p(n) are the coefficient of a degree 1 L-function (in the sense e.g.
of [IK04, Chapter 5]).

A natural next step is to consider coefficients p(n) of a degree 2 L-function, for instance
the Dirichlet convolution p = x; * x2 of two Dirichlet characters, or the coefficients
of the L-function associated to an automorphic form ¢ over a congruence subgroup
of SL(2,Z) (i.e. a(n) are Fourier coefficients of ¢). The definition of the series then
requires more care; it must be understood as a value obtained by a process of analytic
continuation, which involves an interplay between properties of x and of the form ¢.
In the two cases just mentioned, we may define it for all z € Q by means of analytic
continuation to the central point s = 1/2 of the series L(z,s) := Y o, p(n)e*™ /n?,
an argument originating to Hecke [Hec36] in the case of classical modular forms; see
e.g. [IDN26, Proposition 2.3].

This construction generalizes to forms ¢ which are automorphic with respect to
an arbitrary discrete, cofinite group I' C SL(2,R) with cusps. In this context, the
set C(I'") € RU {00} of fixed points of parabolic elements of I" plays the role of rational
numbers. There is also a corresponding notion of denominators denom(z), which we will
recall in detail below; in particular there are asymptotically Q*/(r Vol(T'\H)) elements
in C(I")/Z with denom(x) < @. The process of analytic continuation of L(z,s) is sen-
sitive to the properties of € C(I') as a cusp, which prompts the question of how the
values L(z) distribute in the complex plane as z varies.

Problem 1.1. Fiz a form ¢ as above and let (p(n)) be the Fourier coefficients of ¢ at
some fized cusp. As () — oo, prove a central limit theorem for the values

{L(x),z € C(T")/Z,denom(z) < Q}.

This question has so far been solved in the following cases:

— When ¢ varies among weight 2 holomorphic cusp forms, the map ¢ — Ly(x)
coincides with the modular symbol {oo,x}. This family includes those forms
associated with an elliptic curve over Q, which prompted interest due to its link
with the rank growth problem for elliptic curves, see [MR23], DFKO04]. Petridis—
Risager [PR18] resolved Problem in this case, using a construction of per-
turbations of Eisenstein-Poincaré series [Gol99, [Pet02]. A completely different
proof was found by the third-named author and Sun [LS25], using dynamical
systems. Finally Nordentoft [Nor21] showed how to solve the problem for holo-
morphic cusp forms of any even weight. The methods of [PR18, Nor21] work for
holomorphic weight 2 cusp forms over any discrete, co-finite group I' C SL(2, R)
with cusps.

— When p(n) = d(n), the number of divisors of n, then the value map L(x) co-
incides with the central value D(3,z) of the Esterman function [Est30], which
Esterman used, in relation with the circle method, to count solutions to the de-
terminant equation. This case corresponds to ¢ being a weight 2 Eisenstein series
for SL(2,7). The first two named authors proved in [BD22b] that Problem
holds true in this case.
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— When p(n) are the coefficients of an L-function attached to a Maafl cusp form
for SL(2,Z), the second-named author and Nordentoft [DN26] showed, again,
that Problem [L1] holds true.

To summarize, the central limit theorem in Problem has been proven in two
different cases:

— The proofs in [PRI8| Nor21] rely on a holomorphicity and cuspidality assumption
on the holomorphic form ¢, with essentially no assumptions on the underlying
group I'. The holomorphicity assumption plays a crucial role in both arguments,
see the discussion in [DN26| Section 1.5], while the assumption of cuspidality is
unavoidable both to the construction in [PR18] and for the method of moments
used in [Nor21].

— The proofs in [BD22bl, [DN26] hold for the modular group T' = SL(2,Z), with
essentially no assumptions on the form itself. The assumption I' = SL(2,Z)
originates from the use of a theorem in [BD22b] on rational orbits of the Gauss
maps, which derives from work of Baladi-Vallée [BV05].

The above results then leave open the cases where the level is greater than 1 and the
form is either non-holomorphic or non-cuspidal holomorphic. The goal of this paper is
to complete the solution of Problem [T.1]in full generality.

Theorem 1.2. The central limit theorem claimed in Problem holds true in general
for automorphic forms of integer weight and mildly growing Fourier coefficients. More
precisely, let I' be discrete, cofinite, for which oo is a cusp, and let ¢ # 0 be automorphic
for I of integer weight, with eigenvalue \y. Assume that either ¢ is cuspidal, or else Ay, >
1/4. Let p(n) be the Fourier coefficients of ¢ at co. Then for some constant o5 > 0
and By € {0, 1,3}, the multiset

L(x)
(1.2) {% N O(I), denom(z) < Q}

converge to a standard complex Gaussian density A as Q — oco. We have

(1) By =0 if ¢ is cuspidal,
(it) By =1 if ¢ is not cuspidal an P(z) = O(e®(=1)/2)
(1it) B, = 3 otherwise.
Moreover, when ¢ is cuspidal, the variance is given explicitely in terms of ¢ by the

expression (2.8) below.

Our more general statement is Theorem below in the cuspidal case, and Theo-
rem otherwise.

Remark 1.3. The distinction between the various cases for the parameter 3, is better
explained in terms of the shape of the growth of ¢ at cusps. This growth is characterized
by the behaviour at infinity of maps ¢ of the shape . The case 3, = 0 arises when ¢
vanishes at all cusps. The case 8, = 1 arises when the maps ¢, grow asymptotically
as y'/2, and the case By = 3 arises when some ¢, behaves asymptotically as y/?logy.
For non-cuspidal ¢ for which Ay < 1/4, we don’t expect a Gaussian limit, however we
do expect that our methods could be adapted to prove convergence to a stable law with
stability parameter given by the spectral parameter; see also Remark below.

Remark 1.4. Regarding the existence of cuspidal Maafl forms for non-arithmetic groups,
we refer to the surveys [Sar806), [Sar90] and the computations in [FLO5, [Ave07, [Str19].

Here dy the hyperbolic distance.
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Remark 1.5. In Hecke congruence groups, there are about ¢'+°(") parabolic fixed points

with denom(z) = ¢. This raises the question of whether, in Problem the limit
law holds on the sets of fixed denominators denom(z) = ¢ as ¢ — oo. The com-
putations in [MR23], motivated by the case of weight 2 holomorphic forms, indicate
that this should be the case, however this is a much more difficult question, for which
neither the dynamical methods used here nor the Goldfeld-Eisenstein series methods
of [PR18, Nor21] are suitable. The best result in this direction, due to Blomer-Fouvry-
Kowalski-Michel-Mili¢evié-Sawin [BFK™23, Theorem 9.2], is the estimation of the second
moment ..o (x)—q L(x)? for prime q. See also [MQ25|, [Pas25| for a related result for
general q.

For generic groups, a natural condition could be denom(z) € [¢,q + 1), however it is
unlikely that anything relevant can be asked for fixed ¢q. Indeed, based on numerical
computations with the deformations of I'y(5) considered in [FLO05|, we are led to believe
that for generic I', the multiplicities {x € C(I'),denom(x) = ¢} remain bounded with
respect to ¢, and thus statistical studies for individual values of ¢ are not meaningful.

Remark 1.6. Using a convexity bound [IK04, Chapter 5.2], it is easy to prove that L(z) =
L*(z)+O0(1), where L*(z) := Y, -, a(n)e*™™ f(n/ denom(z)?) and f is a smooth cut-off
function with f(0) = 1. Thus, our work could equivalently be viewed as providing a
central limit theorem for L*(x).

This raises the following natural question: instead of looking at L(x, s) at the central
point s = %, we could truncate the sum at some parameter () going to infinity,
with 2 being chosen at random in R. This question will be the subject of forthcoming
work [BDLal.

As a particular case of our results, consider r9(n), the number of ways to write n as
sums of two squares, and for x € Q, form the series

2minx

R(s,x) := Z ra(n)e ™

nS
n>1
This is initially defined on PRe(s) > 1 and has an analytic continuation to C ~\ {1}.

Theorem 1.7. For some o > 0, the multiset
{ R(1/2,x)
ov/logQloglog Q’

becomes equidistributed, as () — oo, according to a standard complexr Gaussian distribu-
tion.

x € Q/Z,denom(z) < Q}

This follows from our more general Theorem below, upon writing re(n) = 4(1 *
X)(n) with x the non-trivial character (mod 4).

Remark 1.8. One may wonder more generally about the values at s = 1/2 of the analytic

continuation of
2mine

' ror(n)e
Ri(s,2) =) =
n>1

The underlying automorphic form has eigenvalue Ay = £(1 — %) < 1/4 if k > 1.

On the basis of our arguments, we don’t expect a Gaussian law to hold for the val-
ues {Ry(1/2,x)}, however our arguments suggest the convergence towards a stable law

of stability parameter 2/k, e.g. a Cauchy law for k = 2.
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Problem [1.1] is relevant for non-integer weights as well, and our approach generalizes
with little modification. Here we focus in particular on the case of theta series. Given
an integer N > 1, a primitive character x modulo N and x € QQ, we define

;2
e27rzn x

(1.3) Ly(s,z) = > x(n)

n>1

nS

for PRe(s) > 1 and by analytic continuation for s € C ~ {1}. In this case, we obtain
a central limit theorem for L, (1/2,z) with variance of order log(), independently of
whether the underlying modular form is cuspidal or not.

Theorem 1.9 (CLT for theta series). Let x be a primitive character mod N and let

p(N)

oy =/ 55 where ¢ is Euler’s function. Then, the multiset

{Lx<1/27 x)
O'x\/m

becomes equidistributed, as () — 0o, according to a standard complexr Gaussian distribu-
tion.

,x € Q/Z,denom(z) < Q}

Theorem remains true if the character y is replaced by any non-zero, N-periodic
function f : Z — C, provided that f is either even or oddE|; see Remark . In this
case, the variance is 07 := 55 3", (moa a 1/ ()]

The Gaussian behaviour in Theorem is reminiscent of results and conjectures
on the behaviour of L-functions {L(m, 3)} as m varies in certain families of automor-
phic representations [Sel92, Mon73, [KS00, ICFK™05, RS15]. The driving heuristics in
these questions is the expected asymptotic independance of values {p(p), p prime}, which
should translate into a CLT for the logarithm log L(m, 1) due to the existence of the Euler
product expansion. It is no surprise that the values , which do not possess an Euler
product, behave in a different way. Our situation is instead more similar to that of the
vertical distribution of the Hurwitz or periodic zeta-function with irrational parameters.
For these no Euler product is available and it is conjectured they also satisfy a central
limit theorem [HS25].

Remark 1.10. The relationship between the additive twist and GL(2) automorphy is
ultimately due to the shape of unipotent subgroups of SL(2). It is a natural question
to ask what remains of the limit law for sequences related to GL(3) automorphic forms,
starting for example with the third-order divisor function d3z(n) = 1 % 1 % 1(n). The

additive twists
Z d3 (n) e27rinac
n>1 \/ﬁ

can be defined in the same way as for the usual divisor function, however contrary to
our case here, they do not seem to enjoy the quantum modularity property on which
our methods rely, which leaves open the question of the existence of a limiting law for
the distribution of their values.

2The parity assumption arises because the theta functions associated with even and odd characters
have different weights. However, it is likely that the methods presented in this paper can be adapted
to handle the general case as well.
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2. SETTING AND RESULTS

2.1. Automorphic forms. Let I' C SL(2,R) be a discrete, co-finite group with at
least one cusp which, up to conjugation, we can assume to be at infinity and of width 1.
We assume without loss of generality that —id € I', extending the group if necessary.
Denote by H the Poincaré upper-half plane, and by C(I') C P(R) the set of parabolic
fixed points of I', which for shortness we will refer to as cusps of C'(I') (although we do
not identify I'-equivalent points). In the following we let k € Z, except in Section
(where k& will be half-integral). Let x : I' = C be a finite-order character, and assume
the compatibility condition x(—id) = (—1)*. We form the multiplier

& _ cz+d

xX(7), JV(Z) :

'ZM7 (v=1(:3), 2 £~ "'0).

(2.1)  uy(2) =5y (2)
To each cusp b € C(I'), we associate its stabilizer 'y in I', and a scaling matriz
op € SL(2,R) satisfying
(2.2) 0,00 = b, [y =0y (1 2) 0, "
Let ¢ be an automorphic form for I' of weight k£ with multiplier x, which means that
o:H—C

is a smooth map satisfying the following conditions :

(Hy) For all v € I' and z € H, we have ¢(v2) = uy(2)p(2).
(H,) For all z € C(I'), we have ¢(0,2) < y°" as y = Jm(z) — oo.
(H3) The map ¢ is an eigenfunction of the hyperbolic Laplacian

0?02 0
— 2 Y e —
Bk =y <8x2 + 8y2> Zkyax
with eigenvalue Ay = s4(1 — 54) = 1/4 + 5 with Re(sg) > 1/2 (here 54 =

1/2 +ity).
These hypotheses imply the existence of a Fourier expansion at every cusp. Those
cusps b € C(I') for which x(I'y) = {1} are called singular or essential (see [[wa97,
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eq. (2.65)] or [Pro03, eq. (8)]). For a singular cusp b, the Fourier expansion takes the
shape

(23) = gy(am(2) + " an(n)e(n Re(2)) Wi o s, (4 Im(2)), (b singular)
n#0
where W, is the Whittaker function,
e(z) = e*™*,

and

Apy®® + Bey' >, s 7 1/2),
(2.4) Po(y) = b 1/2 h 1/2 ( d)_ 2

Agy'? 4 Byy'?logy, (sg = 1/2).

We remark that ¢,(y) also depends mildly on the choice of the scaling matrix oy, as
changing o, — —oy sends ¢y (y) — (—1)%¢s(y).

For non-singular cusps, a similar expansion holds with all terms having a uniform
exponential decay as Jm(z) — oo, see [Pro03|, eq. (13)]. Thus, for some ¢ > 0 and all
non-singular cusp b, we have

P(0p2) <p e ¢TmE), (Jm(z) > 1, b non-singular).

We assume further the following bound on the Fourier coefficients :
(H,) The Fourier coefficients ap(n) in (2.3)) satisfy

(2.5) $ |as(n)] <.l

nl/2+e
n>1

The hypothesis is automatically satisfied when ¢ is cuspidal by [Iwa02, Theo-
rem 3.2]. The same argument can be carried out when ¢ is not cuspidal and fRe(sy) = %
(i.e. Ay > 1/4), using the L? bound fF\H |EY(2)|2dz < logY on truncated Eisenstein
series in [Iwa02, egs. (6.35)(6.36)].

If s4 = % (mod 1), then ¢ is associated to a holomorphic modular form in the sense
that z — y~%/2¢(z) is holomorphic of weight k.

In the rest of the paper, the form ¢ is fixed, and apart from Section |10, we assume
everywhere that either ¢ is cuspidal, or Re(s,) = % Our main focus is on the Fourier
coefficients at oo, which we denote

a(n) := ax(n).

2.2. Additive twists. Given ¢ as above, we define for all z € C(I") the following L-
seriest
(2.6) L(¢,s,x) = Z a(n)e(nz)n'/*=

n>1

By [DN26], Section 5], this function of s, initially defined for PRe(s) > 1, extends to a
meromorphic function on C which is regular at s = 1/2.
We define

Ly(x) :== L(¢,1/2,x), (x e C(I)).

3In this work we focus on the sum over positive n only; the arguments in [DN26] could be adapted
with minor adjustements if one wishes to include the sum over n < —1 in the analysis.
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2.3. Orbits and denominators. In the case I' = SL(2,Z), or more generally for con-
gruence groups, the set of cusps is simply C(I') = Q, and we have a natural ordering
according to denominators. We recall from [PR18] the appropriate generalization for ar-
bitrary Fuchsian groups, the role of the “denominator” being played by the bottom-left
coefficient of an associated element of I'.

Let b € C(I") be some fixed cusp, and o, be a scaling matrix. We order the set I'b of
cusps equivalent to b according to the following definition: for all Q) > 0, let

(2.7) Co(I5Q) :={7b,y € /T, v00 = (£1),0 <[] < Q}.

In the notation of [PRI8, eq. (1.5)], we have Cy(I;Q) = Top(Q) + Z. Thus, for
example, C(SL(2,7Z); Q) is the set of all rationals of denominator at most ). The
sets Cp(I'; Q) are all invariant under translation by Z.

2.4. Probability space. We fix from now on a cusp b € C(I'), and consider the space

QQ = Cb(F7Q>7
for @ > 1.

The following lemma, which corresponds essentially to [PRI8, Theorem 3.8], is bor-
rowed from [BDLDbl Lemma 2.2].

Lemma 2.1. There exists 6 > 0 such that for all smooth and compactly supported 1 :
R — C, we have

PR AT L Y0+ 0u(@ )

We fix once and for all a smooth, compactly supported, non-negative and non-identically
zero weight function ¢ : R — R5(. By the previous lemma, for () large enough in terms
of b and ¢ we may endow {2y with the probability measure Pg proportional to 9,

]P)Q((;:c) = ww¢(x)7 (l‘ S QQ)

where w,, = (erQQ Y(x))~! > 0 is a normalizing factor and ¢, is the Dirac mass at .
We call Eq the associated expectation. Thus, for any map f : C(I') — C, we have

> weqq V(@) f(x)
ZIEQQ w(x) ‘
2.5. Distribution of values. Our main results are the following.

Theorem 2.2 (CLT for cuspidal forms). Assume that ¢ is cuspidal. Let Z C C be a
Borel set with measure zero boundary. As QQ — oo, we have

Eq[f(z)] =

Ly(z)
PQ(UJW c 9?) = P(Ne(1d) € 2),

where N¢(Id) is a standard complex Gaussian, and

52 1 Il
P D1 — sy + EY(s + &) VOl(T\H)

with ||@|| the Petersson L*-norm.

(2.8)

Remark 2.3. The proof gives a uniform and optimal rate of convergence O(1/+/log @)
when & varies over convex Borel sets, as in the usual multivariate CLT when the third
moment is bounded, see [BRR10, Theorem 13.2].
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Remark 2.4. Theorem [2.2] is derived from an estimate on the characteristic function
Eq(e“tLe@) for t € R2. As in [BD22b, Theorem 2.4], the present method also gives
large deviations estimates, using the cuspidality of ¢. This fact was known for forms
which are holomorphic of weight 2 [PR1S, [LS25] or of level 1 [BD22b, [DN26]. The
work of Nordentoft [Nor21], which considers holomorphic forms in general, relies on the
method of moments, which at present cannot give a large deviation estimate.

Theorem 2.5 (CLT for non-cuspidal forms). Let ¢ be non-cuspidal with Re(sy) = 3,
and denote

(2.9) 8, = {3, (s =% and 3b, By #0),

1 (otherwise),

where we recall the notation (2.4). Then, there exists o, > 0 such that for any do-
main £ C C, as () — oo, we have

Ly(z)
(2.10) IF’Q<% NI 99) — P(Ne(1d) € 2).

The value of o4 could be made explicit in terms of a fundamental region for I' and
certain values arising in the course of our proof, see Section [7.3|

When I' = I'y(V) is a Hecke congruence subgroup, given any pair (i, x2) of prim-
itive Dirichlet characters mod N, we may pick ¢ = E,,,, as an Eisenstein series for
which p(n) = >, x1(d)x2(n/d). Then 8y = 3 if x1 = X3 and f§; = 1 otherwise.

As we mentioned, the proofs of Theorems[2.2]and [2.5]are based on the asymptotic anal-
ysis of the characteristic functions, rather than the method of moments. Nonetheless, the
method also yields the asymptotic estimate for all convergent moments of Ly (z), which
is to say, all moments in the cuspidal case and the first moment in the non-cuspidal case.
In Section |8 we analyze in particular the expectation and the variance (in the cuspidal
case) in order to determine the parameters of the central limit theorems in Theorems
and 2.5

Remark 2.6. Given a finite family ¢4, ..., ¢, of orthogonal Hecke-Maass cusp forms for
a group I' and a character y, the arguments described here can be used to obtain, more
generally, the joint convergence of the vector

(2.11) (Lo, (2)/05,1/108 Q)

to the standard n-dimensional complex Gaussian distribution, generalizing [DN26], Corol-
lary 7.7] which dealt with the case I' = SL(2, Z). To prove this, we can follow [DN26] or,
more directly, apply Theorem to 2?;1 a;jLy, (z) = LZ;}Zl a;0; () for any ay, ..., a, €
C and invoke the Cramér—-Wold device [CW36] (see |[Bil95, Theorem 29.4]). Normal-
ising suitably the components of the vector one can also remove the cuspidality
hypothesis.

1<j<n

When s, # % (mod 1), the level-raising and lowering operators alter the coeffi-
cients (a(n)),>o by a non-zero constant factor (see [DFI02) eqs. (4.25)—(4.28)]. Thus, for
the sake of proving Theorems and 2.5 we may assume from now on that

(2.12) s %5 (mod 1) = ke{0,1}.



10 SANDRO BETTIN, SARY DRAPPEAU, AND JUNGWON LEE

2.6. Overview. In the present paper, we take up the method introduced in [LS25]
BD22b|]. One key ingredient is the authors’ work [BDLb|, where Baladi—Vallée’s methods
are transfered to the context of Fuchsian groups of the first kind, and the role of the
Gauss map is played by the Bowen-Series map [BS79).

The “observables” in our work are maps of the shape

(2.13) BE(x) = Ly(ye) — u, (@) Lo(a),

for which we have no sensible explicit expression. This poses a major issue regarding
our two tasks: (i) to check that the hypotheses of [BDLD| are satisfied in our case, and
(ii) to compute the parameters of the limit laws.

One of the main features in [BDLD| is a choice of induction of the Bowen-Series map
whose inverse branches are easily described, as well as flexible hypothesis on the ob-
servables (existence of some positive absolute moment). Section |3|is devoted to proving
that the necessary regularity and growth assumptions are satisfied by the maps (2.13))
for v = ', where 7 is fixed, and n and z vary. This extends work of [DN26], which
corresponds to the case n = 1. The main challenge is to achieve complete uniformity,
both in n and x, and in fact, we will also need to consider the more general period func-
tion hg (x, s) associated with L(¢, s, z), and analyze its asymptotic behaviour uniformly
in the complex parameter s.

Section [4]is devoted to the study of certain Fourier integrals that arise in the analysis
of the main terms, while Sections [5] and [6] introduce the setting required to apply the
results of [BDLD]. Then, in Section [} we apply the results of [BDLD], proving Theo-
rems [2.2] and up to the values of the parameters of the limit law. In the course of
the argument, we must show that the multiplier system u, satisfies a certain topological
mixing condition. This will be carried out by an ad-hoc combinatorial construction with
Bowen—Series codings, which we defered in Section [9] At that point, we won’t have an
explicit expression for the expectation and the covariance matrix of the limiting distri-
butions yet; computing the expectation and covariance matrix requires an unexpected
amount of additional work.

First, in Section we show that the Gaussian law in Theorem is circular sym-
metric. This requires an analysis of various contributions to the variance, and two
symmetries. The first is the involution v + ~~! over parabolic elements of I'. The
second is the invariance of a suitably constructed finite index subgroup of I' under con-
jugation vy = (28)— (2 ).

In Section |8 we compute the expectations in both the cuspidal and the Eisenstein
cases, and the covariance matrix in the cuspidal case. To carry this out, we introduce
a perturbation argument which expresses both quantities in terms of limits, as s —
1/2 with s > 1/2, of continuous averages of L(¢,s,x) over x. These averages are
estimated using standard analysis (for the expectation) and Rankin-Selberg theory (for
the variance). A more detailed overview is given in Section [8.1]

Finally, in Section [10| we consider the case of half-integral weights and prove Theo-
rem [L.9

Notations. The Landau symbol f = O(g) means that there exists a constant C' > 0
such that |f| < Cg whenever f and g are defined. The notation f < g is equivalent
to f = O(g). If the constant depends on a parameter, say «, this is typically indicated
by a subscript, e.g. f = O4(g) or f <, g. However, we will not explicitly indicate
dependencies on ¢, € and on the group I', nor on the subgroup G and the fundamental
domain R defined in Sections [5] and [6l
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Given a matrix v € SL(2, C), we indicate by ¢, the lower-left entry of . Throughout
the paper, the letter € indicates a positive number which can be taken arbitrarily small,
and whose value might vary from line to line. The indicator function of a condition C'
is denoted by 1o, with 1 denoting the constant function 1.

3. ESTIMATES ON THE PERIOD FUNCTION

3.1. Analytic continuation of the Eichler integral. As in [DN26], we start with
the Eichler integral £,(¢, s). For s € C with fRe(s) > 1 and all = € R, we define

(3.1) Eo(,5) ::/0 (o(z +iy) — %(y))ysl/zd—j.
We will see later on, in , how to transfer informations about &, to L. The
maps &,(¢, s) are related to L(¢, s, z) in the same way as automorphic periods relate to
L series, see [DN26, Section 5.4].

Recall our assumption that PRe(s,) = 1/2 whenever ¢ is non-cuspidal. For conve-
nience, we denote

0, (¢ cuspidal),
3.2 =
(3:2) Pe { 1/2  (otherwise),

and we recall the notation S, from Theorem
Lemma 3.1. We have
(33)  [@(x+iy) — doo(y)] <y~ (1+ [log(1/y)| PV )e¥ (e R,y >0).

Proof. For y > 1, this follows from the Fourier expansion , the bound ([2.5) and the
exponential decay of Whittaker function |[GRO7, 9.227].

Assume then that y is small. If ¢ is cuspidal, the right-hand side is < 1 and thus the
bound is obvious by boundedness of ¢. Assume that ¢ is not cuspidal, let z = = + 1y
and let F' be the Ford fundamental domain [Iwa02, Chapter 2.2]. For all Y > 1, denote
also F(Y') the central part of F', in the sense of [Iwa(02, Chapter 2.2], and Yy > 1 be
such that the cuspidal parts Fy(Yy) are disjoint. Let v € I' be such that 2z’ := vz € F.
If v € Ty, it follows that Jmyz = Jm z. Otherwise we have on the one hand Jm~z >
Jmz since 7z € F, and on the other hand v = () with ¢ # 0 (since v ¢ ') and
thus Jm~yz < Wlmz < 1/y. We deduce that y < Imz' < 1/y.

Let b be such that Jm(o, '2’) > 1 (we pick b = oo if z € F(Yp), and otherwise b
the unique cusp for which 2’ € Fy(Yp)). Then [¢(2)| = |¢(2')| = |¢(opw)| where w € F
satisfies Jmw > 1. Arguing as above, we have Jm(w) = IJm(z’) < 1/y if b = oo, and
otherwise Jm(w) < 1/Jm(z") < 1/y (since there are finitely many possibilities for b).
In any case Jm(w) < 1/y.

We conclude that

[6(z + iy) — doc(y)| < |(2)] +1
= |p(opw)| + 1
< |p(Imw)| + 1
again by the exponential decay of the Whittaker function and the bound ({2.5)). Finally

by the assumption Re(s,) = 1/2 and the definition of B4, we get |¢(Imw)| < y~1/2
if B, = 1, and otherwise |¢y(IJmw)| < y~/2log(1 + 1/y) as claimed. O



12 SANDRO BETTIN, SARY DRAPPEAU, AND JUNGWON LEE

Proceeding as in [DN26, Lemma 2.2], we also have
(34) |6z +iy) — ¢(a’ +iy)] <y e P min(l, |r —a'|/y)  (v,2" € R,y >0).

Lemma 3.2.
(i) For each x € R, the map s — E,(, s) is holomorphic on Re(s) > £ + py.
(ii) For Re(s) > 1 + pg, the map x — E,(¢,s) is continuous.
(iii) For each e > 0, we have E,(¢,s) < 1 uniformly for 3 + py + ¢ < Re(s) < 1.
(iv) For x € C(T') \ {00}, the map s — E,(¢, s) extends to an analytic function on

D {C, (¢ cuspidal),
¢ C ~Axity, 1 £ity}, (¢ non-cuspidal).
(v) For each fized x € C(I') \ {0}, and s € C satisfying
Re(s) < 1, dist(s,C N\ Dy) > 1,
we have
(35) E(6,5) <o 1

Proof. The first three properties are consequences of the bound (3.3). The fourth prop-
erty is [DN26 Proposition 2.3|, while the last property is a direct consequence of the
uniform boundedness of [DN26, eq. (2.13)]. O

3.2. Holder regularity of the period function h¢ at s = 1/2. In accordance
with [DN26, eq. (3.13)], for all z € C(T') \ {00,y oo} and s € Dy, we let

W (2, 8) = (7, 2) "7 €30(9, 5) — us (2)Ea(0, ),

where we recall the definition (2.1)) of u,(z). Note that hZ(z,s) = 0 for 7 € T'; in the
remainder of this section we assume

7€l
We also notice that for 71,7, € I', h® satisfies the period relation
(3.6) hSy (@,8) = 17 (2, 2) 7105, (22, 8) + sy (a2) S, (2, 5)

whenever the involved quantities are defined.

Lemma 3.3. The map = — hi(x,3) estends to a function on R~ {y~'oo} which is

locally k-Holder continuous for any 0 < k < 1 — py. More precisely, for any e > 0 we
have

(3.7) B (2, 3) = B5(a' )| < (1 |+ [2/])% | — /|77
uniformly in x,x’ ER\[V 00 —¢&,7 too +¢.

Proof. This is [DN26, Theorem 3.1], except that the exponent of (1+|z|+|z’|) appearing
there is raised by an unspecified constant. This improved bound is already implicit in
the proof in the cuspidal case (using Wilton’s bound in [DN26, eq. (3.17)]), whereas for
the non-cuspidal case it immediately follows from [DN26, Theorems 3.1 and 4.1] unless
|z| — oo and |z — /| < |z|/2. To handle this remaining case, one could simply import
the techniques of Theorem 3.1 into the proof of Theorem 4.1 therein. An alternative
method, suggested by an LLM and which is less direct but easier to implement here, is
to proceed as follows.
With the notation of the proof of [DN26, Theorem 3.1], we have

(3.8) I (@,3) = —Do(@, 3) + Acl(w, 3) — Doz, 3),
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where Al(z, 3), Al (z,1) < (14 |z|), by a trivial bound and (3.17) ibid. respectively.
Also, Ag(z,3) = H(z) satisfies Ag(z,3) = O(|z|™'), by inserting the bound follow-
ing (4.12) in (3.9) ibid. and Ag(z,1) — Ag(2', 1) < |z —a/['*7%, by (3.10) ibid. if
|r — 2| < 1 and trivially otherwise.

Furthermore, [DN26, Theorem 4.1] gives

(3.9) he(x, 1) = M(z) + E(x)
for an explicit main term M, clearly satisfying M'(x) < |z|7Y/2*¢ and M (x) — M (2') <
|z — 2/|1/27¢|2|%, and an error term E(x) = O(|z|~'*9).

Combining (3.8)-(3.9)), we have that hi(az, %) = M(x) — Ao(z, %) + R(z), with
R(z) = E(x) + Ao(z, 3) = Ac(z, 3) — Aso(x, 3) — M(z).

In particular, it suffices to show that R(x) satisfies the the claimed bound, since M
and Ay do. This then immediately follows since the two expressions for R give R(r) <
|z|71¢ and R/(z) < |z| respectively, whence

R(z) — R(z') < (|R(z)| + |R(=))/?|R(z) — R(@')[V? < || Y2 (jz — 2| - |a]) /%,
which readily gives the claim. 0

3.3. Upper-bound on the period function hf. We recall from [DN26, Lemma 4.5]
the definition

, 27T
(3.10) Tp(r) = emiCmk/4 ()

(keZ,n==1,7 € C\Z«),

which will be relevant for non-cuspidal forms. For s € C, s & £(s, — %) + Z<p, and B €
R, we define
(3.11)

Moo a) i ARIBI* Tigls0 = 34 8) + Bl Yy (b s 5), (50 # ),
(As + Boo1og |B))|BI* Y1 (5) + Buo| BT}, (5), (50 = 1),

where A, By, are the coeflicients in the expansion (2.4) at the cusp at oo, and n =
sgn(f). We will denote them by A (¢), Bs(¢) whenever the dependency in ¢ is relevant.

Proposition 3.4. The map h% extends to a function on R\ {y oo} x {Re(s) > 0}
with the following properties:

— for each x € R\ {00}, the map s +— hi(x,s) is analytic in {Re(s) > 0};

— for Re(s) > 0, the map x — hi(x,s) is continuous on R \ {y oo}

— given € > 0, uniformly for e < Re(s) < 1 and |v — v~ too| > €, we have

1 5
(3.12) hi(x,s) <5 (T4 ]s])(1 + ‘x — 7_loo|max(m(s) 2 HPote2 Re(s) 1)).

If s = 1/2, we have the more precise estimate
he(x, ) = x(7) sgn(e)* (May100(0, ) — i"E,100(6, 3))

(3.13) )
+ Od,mg(’m — 7_100‘ 1).

The case s = 1/2 of this proposition corresponds to [DN26, Theorem 4.1]. Compared
with [DN26], the need for uniformity in s requires a delicate analysis of certain terms
(denoted R (¢, s) below) which were coincidentally vanishing in the context of [DN26],
but do not vanish anymore in our context.

For all o, B € C(T") \ {oo} with a # 3, let
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ba,p = 3(a — ), m
éaﬁ = 6 —+ (Saﬂ + Z'|5a’5‘.

Hence &, g is the point of highest ordinate on the geodesic from a to (.
For MRe(s) > 1, let

Sa , » k
ol0.5) = [ (E5) (01 — onlOm(a)) 0m2) 2 ds(a),

where the integral is taken along the geodesic from « to &a,8, Which is a quarter-circle,
and ds(z) denotes the SL(2, R)-invariant metric ds(z) = y/da? + dy?/y. Let also

(3.14) Eap(d,s) =& 5(0,8) — (_ngn(éa,B)>kgﬁ,a<¢75>~

Also, given v € SL(2,R), we let ¢¥(z) = j,(2) *¢(vz). Thus ¢ is an automorphic form
of same weight, character and eigenvalue as ¢ for the group I'V := v™'Tv, with pg = pg.
Also note that C'(T'V) = v='C(T). Finally note that if v € T, then ¢¥ = x(v)¢.

Lemma 3.5. Let v € PSL(2,R) ~ {(*§)}. Denote by ¢ = ¢, the bottom-left coefficient
of v and let o € R\ {v~loo}. Assume that va,voo € C(T). Then for Re(s) > 1 we
have

(0,00 Eunl:5) = sg(e) ™ (Euvton 8" 5) + Mau1ac(675) ) + (6 9),

with the definition (3.11), where Ry (¢, s) is holomorphic in s on {MRe(s) > 0} N Dy,
is continuous with respect to a on R\ {v"'oo} uniformly in compact sets of {FRe(s) >
0} N Dy, and satisfies for e < Re(s) K 1 and |s — (1 £ ity)| > € the estimate

(3.15) Rau(d, ) oo (14 |s]) (e 27Tt (0, @) [P 75F004e 1|0y )27

1—2%Re(s) Re(s)— | |—§Re ))

+ + [log([ej (v, @) (v, @)

uniformly in v,o and s. Finally, we have Ro.(¢,3) = 0.

Proof. Denote k, := v 'oo. For Re(s) > 1 we write

o0

70.0)* E(0.5) = [ (602) = 6c(am2)) (liCws ) (T2 E - Gmo2) ) da)

«

+ Ooqb(z)(jmv_lz) 2ds / Poo (M 2) (Imov~12)* 2ds( )

=11 + 1y — 13,
say.
We first focus on Z,. Changing variables, we have

L= [ e e amey )
= [ ) — o om ) Em ) ds(e) [ )0 (Gm ) (Gm ) ().

The second integral is evaluated as in [DN26], eq. (4.17)]; it equals sgn(c)* My, (07, 5).
In the first integral, we split the path of integration as o — &, ., concatenated with &, ., —
Ky Since j,(2) = sgn(c) 7=, the first portion contributes sgn(c)*Ex . (¢V,s). Finally,

Kol
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z—« zZ—Ky

for z in the geodesic a — K, we have Tl = sgn(a — Rv)im, so that the second
portion contributes —(isgn(k, — «))*(sgne) *&: (4", s). We thus find

I, = Sgn(c)_k (goz,fiu (0", 8) + Mo, (0", S))v
which is our claimed main term.

Let Ra.v(¢, s) := Z; —Z3. To finish the proof of Lemma , it remains to show that Z;
and Z3 satisfy the properties claimed about R in the statement, separately for Z3 and Z;.
Consider first Z3, which appears only when ¢ is non-cuspidal. Recall that in that case,
we assumed Re(sg) = 2. Then, following the estimation of [DN26} eq. (4.7)], we have
for Re(s) > 1 the expression

1 [ s—5d
I3 = |a — k|’ é/ ¢°°( : )( ’ > -
0 cla— K|/ \1 + 32 Y

e ot | TR )+ s, (), (s 2)
= — Ry Ao —Boo log(c?|la—ky|) Boo * 1
@i 938 TG I () (50 =2),
with
0o Fts— s+7—1/2 s—1—1/2
T o (T4y?)s1/2 y 2I'(s — 1/2) ’ T dr””
Since Re(s,) = 5, we see from this explicit expression that Zs = Z3(s, «v) is holomorphic

in s for Re(s ) > 0 and s € Dy. For each such s, it is continuous with respect to «
in R\ {k,}. By the Stirling formula, it satisfies for |s — (1 & it,;)| > 1 the estimate

(3.16) Ty < Jef 7™ (0, @)L+ [log [ejv, @)L+ |s]) 712,
We clearly have Z(1, o) = 0, since g-(3) = g(3) = 0.
Finally we examine Z; = Z;(s, ), which clearly vanishes at s = % We have
1-2s

).

-1

v, ) (@m2) = Imo) = o, @) (Gm ) (1 ‘jii—ﬂ,b%

and for z = va + 1y, y > 0,

jw™,2) icy -
o Tea) L Gty W)
Thus, ’ ‘U”_ll;zz) =1+ 2y*j(v,a)? so that

Aly,s) = |j(v, @) (@m2)* 2 — (Gmulz)
. s=1 s—1 . 1,
= li(v, @)y (1= (14 v, a)?)2 )
) -1 | (1+ c“j(v, o , < 1/|cj(v, a)|),
< ivnayy et {0 ISR o< ()
1+ |cj(v, a)y| (otherwise).

Inserting this estimate in Z; and using the bound , we deduce that Z; = Z;(s, «)
is holomorphic in {o > —2 + p,}. By uniform convergence, it is a continuous function
of a in R\ {k,}, and we have

1 d o0 d
T < / v A )+ / 9 Ay, )|
0 1

3 —
< (1 + ‘S|)|C’2 —Re(s) +P¢+5’j(,u’a),iﬂe(s)—f‘rqu-‘rs + ’ |1 2Re(s + ’j(’U a),ﬂﬁe(s) 1
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Together with (3.16]), this provides the claimed bound on R (¢, s). O
Lemma 3.6. Let o, f € C(T") \ {oo} with o # 3. Then for Re(s) > 1 we have

504,5(¢7 5) = Sgn(aaﬁ)kga(¢7 5) - Zk5ﬁ<¢> 5) + 7:1,ﬁ<¢: S>7

where Topg(¢,s) is holomorphic in s on {Re(s) > —% + ps}. For each such s, it is
continuous in a, € R with o # B uniformly in s in compact sets, and for Re(s) >
—1+ pg + ¢, it satisfies

|Oé_ﬁ|_17 (‘Oé_ﬁ|>>1)7
7:)4 y S < S)—ps,—L+_¢
210 {|a—ﬂ|”%“%2 - (a—pl<1).
Proof. From the definition (3.14]) of &, 3(¢, s), it suffices to prove that the difference
(3.18) o g0, 8) — sgn(éaﬁ)ké'a(gb, s)

satisfies the properties claimed on 7, (¢, s) in the lemma, and the same for the difference

5270[(9257 S) - Sgn(éaa)kgg(gﬁ, S)'
By symmetry we may focus e.g. on (3.18). We parametrize the arc o — &, 5 as
zap(y) == — vap(y) + iy

(3.17)

for y € (0,04,5), where

Vas(y) = bas(1 — (1 —4*/625)"%)),
see [DN26l eq. (3.5)]. The arc length element is u, d with
[ , eq g fa,s(y) dy/y

pap(y) = (1= 2/85 5) 7%,
For clarity we drop the indices «, § in the foregoing computation. A quick computation
shows that
2

2 _ Yy Z(y)_ﬁ k—Sn k
) <Y/10 )~ 1< e (Cp—=a1) —s@" <u/ldl

We find
5;,5(¢7 S) - Sgn( )kga(¢7 S)

ey -8 . . Cdy
- / ((| ) = y> 1) (B(=(9)) — doe(y)) — sen(6)*(dla + iy) —¢m<y>>)y =
e . ol dy
—sgn(o a+iy) — duo
)" [ (otos i) ol

By (B-3) the second integral is clearly O(|6]%¢()=re=2) if |§| < 1 and is O(]6|™") other-
wise, whereas if ¢ > 1 — p, using the estimates (3.3)-(3.4) we find

/06| {’M(y) — 1y ree v/ + ‘<]i§y§ — g|)k — sgn(8)"

yquﬁe*y/:g

+10(2(y) +iy) — ¢la + z’y)|}yv—1/2+sd_y

Yy
/|5| { y!ree vl + y' P (L +y)ev/? }y0—1/2+6%
o PPy =y 6 y

< [O] 7N [g] )T a et
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Since |d] < |a — B, this implies (3.17)). Finally, the continuity in « and [ follows by the

uniform convergence of the various integrals. 0

Proof of Proposition [3.4. Assume Re(s) > 1. Let ¢ = ¢, be the lower-left entry of ~,
and note that

uy(x) = (sgne) " sgn(0,-100)"x (), and @7 =x(7)¢.
Using Lemmas and , for Re(s) > 1 we have

157, 2) 77 E,(8, 5) = sgn(c) X (1) (Exn-100(0, 8) + My—r100(6,8)) + Ray (9, 5)
- U’Y( ) (¢7 5) (Sgn C) kX(/Y)g’Y*lOO((Zs: S)
+ (sgn¢) "X (V) (Maoy100(8,8) + Topy-100(9, 8)) + Ray (9, 5).

This identity holds for fRe(s) > 0, s € D, by the same lemmas. Thus, for s outside
of an e-neighborhood of 1 + it,, the properties claimed on the holomorphicity in s and
continuity in z follow from the corresponding properties of R and T established in
Lemmas and as well as the uniform bound for Re(s) > ¢

Next, using the values given in [DN26, Proof of Proposition 2.3], we compute the
polar part of the Laurent expansion of the map s — h,gy(x, s) at s = 1 ity and see that
these terms vanish. It follows that hi (z, s) is in fact holomorphic at these points.

By the Cauchy formula and the bound , we deduce the continuity of z — hf; (z,s)
at s = 1 £ it,, which finishes the proof of the first two points of Proposition .

If s =1/2, then by Lemma [3.5| we have R.(¢,1/2) = 0, and so the error term arises

from the upper-bound on 7 given in Lemma [3.6]
0

3.4. The period function h¢ at parabolic elements.

Proposition 3.7. Let p € T be a parabolic element with fized point w € C(T') \ {0},

1 mo

o € SL(2,R) a scaling matriz for w and mg € Z,o be such that o~ 'po = (1 ™). Then
for any e > 0, there exists ng > 1 such that for n > ng and |x — w| > ¢, the following
estimates hold.

— For e < Re(s) < 1, we have
() <5 (14 []) (14 22407 {1 4 20071 g pe—benae)

(3.19) 1
F14+(1+ |x|)9‘*e<s>—a+p¢+f).

— For s =1/2, we have

T (2, 3) = — (isgn(cs)) Eo-100(07, 5) — () (isgn(w — w))*Eu(®, 5)
(3.20) +580(Co) " Mum, (67, 3) + upe (2) sgn(z — w)* Ma—u (6, 3)
+ Op(Inf ™" + (1 +[2)) 7).

Proof. Assume first Re(s) > 1, and let v = p”, which is also parabolic with fixed point w.
By picking n > ng large enough in terms of £, we may suppose that v ~1oo is close enough
to w so as to ensure |z — v 'oo| > 1 uniformly in 2. We recall that the definition of &
amounts to the conditions oo = w and T, = 0T'w,o~!. We also note that |c,| depends
only on w and thus only on p.
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First we use Lemma with v < 0 and a + o~ 'vyx, getting

(0,07 )| € (0, 5)
= Sgn(ca)_k (8071,\/%07100“57, S) + MUfl'yx—Ufloo(qbga S)) + R0*17$70(¢a 5)-

Next we use Lemma with (a, 8) < (07'yz,07'0). A quick computation shows
that sgn(0,-1z 5-100) = —580(04z, ), thus we find

gafl'yx,afloo@boa S)
= (_ Sgn((swx,w))kgaflvx(gbaa 3) - ikgafloo(gb% S) + 7:7*17@0*100(@507 3)-

Next, we use Lemma again with v <- 07'y and « < z. Note that [¢”]0_17(z) =
x(7)9(2), and (071y)"too = y7lw = w. We obtain

|j(0_1’77 ZL‘) }287150*17:5(¢07 S)
= X(’y) Sgn(Qf*l"/)_k (gm,w(¢a S) + Mﬂc—w(¢7 S)) + RI,U*L‘/(QZ)J’ S)'
Finally, by Lemma again, with (o, ) < (z,w), we get

(3.21)

(3.22)

(3.23)

(3.24) exm,s):sgn(aw)’“c‘f (¢, 5) —i*€u(9, ) Tow(9,5).
We insert the equality (3 successwely in -, and - and multiply
throughout by |j(0*17,x)| = |j(v,x)/j(o,0 )| By the identity

Sgn(éyﬂ"loo) = Sgn(CT)]T(y)7 (T € SL(27 R)a Yy 7é T OO),
we get
sgN(0z) SE0(Co1y) = Jo17(2),  580(010) sE0(Cs) = —Jo (0™ 7).

Thus, the term &,(¢, s) arises with a factor of exactly x(7)j,(z)* = u,(z) by the chain
rule, and we get

W (w,5) = 5 (3, 2) 7 00, 5) — 1y (2)E:(0, 5)
= — (isgn(co))* i (0™, 2) [ Err1oa (67, 8) — () (i 580(6,.)) " Eus(, 5)
+ 30717, 2) | sgn(co)F Mom1pmao-100(67, 5) + 1y () 580010 " Mo, 5)
+ 13079 2) [T R 100 (6, 8) + o (07192) Ry 1, (¢, 5)
+ sgn(e,)|i( a”%fc)\%_lﬁ—wz o100 (67, 5) + 11y (2) 581(0) T (6, 5).

Let 7 =0 'poc = (! ™). Then v = o7"c~'. Write m = mgn, so that o=ty = (1 7).
Using the property coo = w, we deduce

jlo™ty2) = j(r"o ™ x) = j(o 7 x),
0_17x —ol'co=71"c"lr—olco=m+o - U_IOO,

and therefore also 0~ 1v00 — 07 too0 = m. Hence the above simplifies to
(3.25)
2s—1 o .
hin (w0, 5) = —(isgn(c,))*|7 ( L) E1a0(97,8) — uy (2) (i380(0s0)) (9, )

+ |j(o™ ,x)l Lsgn(Co) Mo (67, ) + sy () 520 (0,.0) Moy o(0, 5)
+ |j _17 z |28 1 m—i—a—lx U(¢7 ) + jo‘(U_lx)ka,T”U—l <¢07 S)
+580(ca) (075 2) | Tontotaa100(#7, 8) + 1y () 580(0,.0) Tora (6, 5).
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By Lemmas [3.2] [3.5] and [3.6] we get that this identity holds for
(z,5) € (R~ {7y too,w}) x ({Re(s) >0} ND,),
and that h]fn (x,s) is continuous in x for each s, and holomorphic in s for each x.
Assume first Re(s) > € and |s — 1 £ ity| > €. Since |z — w| > €, we have
i7" 2)| =p |z —w| > 1, o'z =0(1).

Thus, since ¢;n, = ¢, =<, 1 and recalling j(7"0 ™!, z) = j(0~!, z), inserting the bounds (3.5,
(3.11), (3.15) and (3.17)) in the expression (3.25)) yields (3.19). This bound persists

for |s — 1 & ity| < e by the maximum modulus principle.
In the special case when s = 1/2, the R, terms vanish, and since |x — w| > 1 and

lo™ 'z +m — o oo| = o yw — o7 oo| >, [z — 7o > 1,

the estimate (3.20) follows from (3.25)). O

Remark 3.8. When ¢ is cuspidal, a change of variables yields

(3.26) Eo100(07, ) = —(—isgn(c,)) Eu(9, 5)-
This identity holds also when ¢ is an Eisenstein series, but this requires a more careful
treatment of regularized integrals. We will not make use of (3.26)) in either case here.

3.5. Uniform Holder estimates on Af.

Lemma 3.9. Let p,w be as in Proposition and assume z,x' € R\ [w—e,w + €.
For alln > 1, we have

(3.27) ]h]‘fn(a:, %) — hin(x', %)| Lpew (14 2| +12|)* 0|z — x’|1_p"’_€.
Proof. To simplify the notation in the following computation, we denote temporar-
ily hé(x) = hf(x, %) Since w # oo and w is the unique fixed point of p, we have w #
pJoo for all j > 0. Since |z — w| > ¢, there exists ng > 0 such that |z — p~"o0| > 1 uni-
formly in n > ng and z, and also that sgn(p™z — p~700) is independent of n > ng, j > 1,
and x. This implies that w, (p"x) is constant on R \ [w — e,w + €] for all j > 0 and
n > ng.
By the period relation (3.6)), we write
n—1
hon () = Upn—no (P 2) hny (x) + Z Upn—1-¢(p ) BE ()
l=ng
and likewise for 2’. Taking differences and using the fact that the various w, factors
have the same value for x and z’ by our choice of ngy, we deduce
n—1
{=no
By our choice of ng, we have ’x — p’foo} > 1 uniformly for ¢ > ng, and likewise for 2/,
therefore
Iple — p'a| < 07|z — 2|
By Lemma |3.3] we deduce the bounds
|15 (x) = B (2)| < (14 || + |2/)* |z — 2/ 75, (n < ny)
|hE(p'x) — hE(p'a!)| < |pfa — pla!| 70T < 47 R g — g|1 P

uniformly in ¢, x and x’. The desired bound follows by picking € small and inserting

in (3:29). 0
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3.6. Translation into estimates on the period function of L(¢,s,z). We now
transfer our estimates from £ to the additive twists (2.6). For all v € I and s € Dy, we
denote

(3.29) hE(z,s) = |j(7,2) > L(g, 8,72) — jy (2)* X (V) L(, 5, 7).

Lemma 3.10. For each v € T', the map (x,s) — hi(z,s) extends to a map on (R~

{vtoo}) x {Re(s) > 0}, which is continuous in x for each s, and holomorphic in s for
each x.

Givene >0, v €T, x € R with |z — vy oo| > ¢, and s with e < Re(s) < 1, we have
o3 /Im(s)
(1 + |S|>J+9’\e(s¢)—

The map = — hﬁ(az, %) satisfies the Holder estimate (3.7), with h* in place of h®.
Moreover, letting for all x # 0,

max(o— %+p¢+€,207 1) )

(3.30) h(z,s) <, s (1+ |z — 7 oo

1+isgn(x) kT
( V2 ) (T>ef sgn(z) Z (1—k/2)
QTF(g +7) ’

we have the following estimates for |x —y oo| > &:
— When ¢ is cuspidal or when ss # 1/2,

(333 B L) = (0 (A (6)Ga(50.2) + Buc()Gu(L  502)) + O (1),
— When sy =1/2,

(3.31) Gr(r,x) = |z|"

3:0)Aoc(9) + O5(1), (Boo(0) = 0),
wy (2)Gr(3, 0) Boo(9) l0g 2] + O5 (1 + 2] %), (Bu(@) # 0).

Lemma 3.11. Let p,w, 0, mq,e,x and s be as in Proposition |53.7. Then we have
(3.34)

(3.33)  Al(x,1) = {

o Z13m(s)
(1 + |S|)o+9%e(s¢)f2

hﬁn(% S) <, . ((1 + ’x|)29‘ie(s)71{1 + n29‘ie(s)71 + nme(s)—§+p¢+e}

+ (1 4 ’$‘)%B(S)*%+P¢+E).

Furthermore, the Hélder estimate (3.27) holds also for ht.
Moreover, for all n € Zzo and all |v — p~"oo| > €, we have the following estimates:

— When ¢ is cuspidal or sg # 1/2, we have
hﬁn (2, 1) = sgn(comon)*(Au(¢)Gr(sg, mon) + Bu($)Gr(1 — sg, mon))

(3.35) + tpn (1) (Ao (9) Gi(86, %) + Boo(9)Gi(1 = 54, 7))
+0,(1).
— When sy =1/2, define for all b € C(I') and x € Ry
_ ) A(9)Gi(5, 2), (Bo(0) = 0),
(330 Do) = {Bmm(%,x) loglal, (Bu(6) #0).

Then
i (z, 1) = sgn(comon)* Dy, (¢, mon) + upn (v) Doo (9, )

(3.37) . {Op(l), (Boo(¢) = Bu(¢) = 0),
O,(|z'? + |n|'"?)  (otherwise).
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We note in passing that for all z # 0,

(3.38) (%)2 ~ 1.

Proofs of Lemmas[3.10 and [3.11. By [DN26] egs. (5.11) & (5.16)], we have
(3.39)

L(6,5,7) = th&(%as) 1(9 (5)E(0, ) —i—gqj(s)é’x(w,s)) (s¢ Zk/2 (mod 1)),
o ( )‘ir(gb, S) (3¢ = k‘/2)’

where 1 is the weight k£ + 2 automorphic form obtained from ¢ by the level-raising
operator Ry, and Z¢(s), g; (s), and g/ (s) are described in the proof of [DN26, Lemma 5.4]
(there Z¢(s) is denoted cs(s)), see in particular eqgs. (5.18) and (5.21) ibid. for the
values at s = 1/2 and Proposition 5.1 and eq. (5.6) for the definitions of Az and 5.
Recall that either ¢ is cuspidal or PRe(s,) = 1/2, so that by [DFI02, Corollary 4.4],
we have QRe(s,) < 1 whenever s # k/2 (mod 1)E| Using [GROT7, (9.111)] and Stirling’s
formula, we deduce that for ¢ < Re(s) < 1

Nity (5,8) 7195 (8) < D(s + 55 = 1/2)| 71 < e3mN(1 4 [s])17lobos)

and the same bounds holds for g in place of g} and, by [DN26], eq. (5.20)], for Zy(s).

Thus, the first parts of Lemma and Lemma follow immediately from Propo-
sition [3.4] by linearity.

It remains to prove and . When ¢ is cuspidal, the main terms on the
right-hand side vanish, and the result follows directly from by linearity. Suppose
then that ¢ is non-cuspidal, in particular Pe(s;) = 1/2 by hypothesis, and assume
first sy # 1/2. From the values in [DN26, Lemma 5.4], we get

g+(l) _ 7T3/221—k/2 1 |

912 sin(msg) F(% + %ﬁ)p(% + 1*2%)
9, (3) = S 1 e
v sin(7sg) (3454 2)0(3 <o)

Furthermore, by [DFI02, eq. (4.29)],
Ao () = (5 +59)Ans(0),  Boo(¥) = (5 +1 = 54)Bao(9).
Thus, by (3.13]), inserting the definition (3.10) and using the reflection and duplication

formula for the Gamma function, we obtain (3.32)) with the claimed value of G (7, 7).
Assume next that s, = 1/2 and £ = 0. Then by similar computations, using the
values [DN26, eq. (4.18)], we obtain

WE (2, 3) = wy (@) 152 ({Ase(¢) — (l0g2 + inF) Buo () }7|? + Buo(9) |7/ log |7]) + O(1),

with 7 := 2 — v 'oo. Assume, finally, that s, = 1/2 and k = 1. Then s, = k/2, thus
from Z;(1) = (27)7"/% and (log T1,,)'(3) = —3log 2, we get

h (@, 5) = uy (o) VTG ({Aw(9) — (10g2) (9)}F"* + Buo(9)[7]* log [7]) + O(1)
This proves the asymptotic estimate .

n [DFI02] the statement restricts to I' being a congruence subgroup, but the implication we need
here follows in general by the same argument.
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The estimate (3.35]) is proved along a similar argument, using the expansion (i3.20)
instead of (3.13). We check that for s, # 1/2 and ¢ non-cuspidal, the corresponding

contribution of M, (...) is

(nsgn Ca)k(Aw(¢)Gk(5¢a mon) + Bu,(9)Gr(1 — 54, men)),

where now 17 = sgn(mgn), since x(7y) = 1 unless w is non-singular in which case A, (¢)

B, (¢) = 0. Thus, (3.35) follows. O

4. ESTIMATION OF A FOURIER INTEGRAL

The case of non-cuspidal forms (Theorem [2.5)) will require the order 2 estimation of a
Fourier integral, which is the content of the following lemma.

Lemma 4.1. Let xy € R. Let (f,)n and (W,,), be sequences of real-valued measurable
maps on [0, 1] indexed by n > 1, satisfying the following estimates:

— We have W, (z) < n™2, with a uniform implied constant.

— For some constant o > 0, we have fol W,(z)dz = an™? + O(n™3).

— For some constants By > 0, we have Y, W, (z) = B + O(|x — x¢]) for sgn(x —

Assume additionally one of the following hypotheses:
(i) There exist real numbers a,dy < 1 such that for sgn(x — xo) = £1 one has
fa(2) = an'? + di|z — 2|72 + O(1);
(i) Or there exist a finite set J and real numbers aj, d;+ < 1, 0;,0; < 1 and
constants T; € R such that for sgn(z — x¢) = £1 one has
Za] 2 cos(tjlogn + 0;) + dji|x — x| 7" cos(leog\w—xo]—i—@;)—l—O(l);
jeJ

(iii) Or there exist real numbers a,dy < 1 such that for sgn(z — x9) = £1 one has
fa(2) = an'?logn + dy|z — xo|™*log(|z — zo| ') + O(n'/? 4 |z — |71/,

Then there exists it € R and o > 0 such that uniformly for t in a neighborhood of 0, we
have

Z/ W, (2) (€@ — 1) de = ity — §t2 log(1/[t))* + O(t*(log 1/[t])*~7),

n>1

where, according to each case, we have

E »p o
(i) |1] 1 2alal® + 2 2 20£0€(0,1] |d|?
(@)1 1 | e (a|aj|2 + B3 sox0eco.1] |dj,i|2)
(i) |3]1—¢ %‘JWQ + 56 2 wpr0el0,1] |d.|?

where the sum over £ selects the sign(s) for which [0,1] contains a right (if £ = +) or
left (if £ = —) neighbourhood of xo. The implied constant depends at most on «, [3, T
and on the implied constants in the corresponding hypothesis.
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Proof. For simplicity of notation we consider the case xqg = 0 only; the general case
follows in the same way. Consider first the case |(i), By conjugation we may assume

that ¢ > 0. The hypotheses imply the convergence of o=, fo x) fu(x), and we
are left to prove

21
Z/ Wi () (@ — 1) da = ity — 0% +O(t?)
n>1

where o = 2(alal” + 8|d|?). Write f,(z) = an'/? + dz~'/? + g,(x), where by hypothe-
sis g, (2) is uniformly bounded. Let ¢; = §;(n, z) be defined as

(51 — eiatn1/2 _ 1’ 52 _ eidtz—1/2 _ 17 53 — eitgn(w) —1.
Then we write
e —1 = 618505+ ) 6 +Z(5
1<J

Since §; < 1 for each i, and moreover §;6; < t*n!/ 2m_1/ 2 whenever i # j (here we
use a,d < 1), we deduce that

ethl@) _ 1 = O(thl/Qx_l/Q) + Zc&.

Upon integrating over x and summing over n, the first term contributes O(¢?), and it
suffices to prove

(4.1) Z/ W () (e =1 —iatn"/?) dz = — ala|**|logt| + O(1?),
(4.2) Z / W, (z) (e — 1 —ddta= ") do = — B|d|*#*|log t| + O(?),

(4.3) Z/ Wi ( ”9"(”3 1 —itg,(z)) dz = O(t?).

The estimate (4.3)) is clear by Taylor expansion at order 2 of €?9+(*), Regarding —,
by conjugation and rescaling ¢ we reduce to the case a = d = 1 (here again we use the
fact that a,d < 1).

We apply [BD22al, Proposition 2.2] with ¢(z) = 2~ %? and du(z) = ", 64=1/n fo W (y) dy,
with dy—1/, being the Dirac mass at 1/n, and du(z) = Y, Wy (x) dx respectively, and
parameters given by (o, &, p) < (2,1,1).

In the case a similar argument reduces the problem to the analysis of

1
(44) Z/ Wn(I)(eitnl/2COS(Tlogn+9) —1= itn1/2 COS(. - )) dz,

and corresponding analogues of and . We apply [BD22al Proposition 2.2]
with ¢(x) = 272 cos(rlog(1/z) + ), the same choices of measures du(z) and same
parameters.

Finally, in the case , the same argument goes through by applying [BD22al, Propo-
sition 2.2] with ¢(x) = 272 1og(1/x), with parameters (o, &, p) + (2,3,1 — ¢). O

Remark 4.2. Taking W, = 0 for all sufficiently large n, we see that the Lemma holds,
with « := 0, when (W,,),,, (fn)n are finite sequences. Moreover, with obvious modifica-
tions, the lemma remains valid when the integration is taken over any regular bounded
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curve rather than over [0, 1]. This follows by parametrizing the curve and applying the
lemma to the resulting integral.

5. TRANSLATION TO THE DISK MODEL
To use the results in [BDLD], it will be more convenient to use the disk model for the
hyperbolic plane. Define
z—1
zZ 41

(5.1) pp : H— D, po(2) =
which sends OH to JD. Its inverse is given by

1+z
(5.2) pu(z) =1

1—2
With a slight abuse of notation, we indicate with pp and py the matrices in SL(2,C)
corresponding to these Mébius transformation. For z € CU {00}, we also denote

[2]lp = pp2,  [2]m = pmz,
while for v € SL(2,R) and g € SU(1,1), we denote

MD = PDYPH, [Q]H = PuYPD-

We use the same notation for sets of matrices. Let G := [[']p = ppI'py* be the image
of ' in the disk model. The group G C SU(1,1) is discrete, finitely generated, and has
finite co-volume, since the same is true of I'. Since I' has a cusp at oo of width 1, we
deduce that G has a cusp at 1 of width 1.

In order to apply the results of Section[d] it will be convenient to work with a subgroup
of sufficiently large rank.

Lemma 5.1. The group G admits a subgroup G of finite index which is free, of rank at
least 6, and invariant under conjugation,

(5.3) (%2>6G = (ga>eG.

Proof. By e.g. [Sel60, Lemma 8], G admits a torsion-free subgroup G of finite inde,
which is therefore free [New85l p. 683] of some rank n (see [EEKS82, p. 335] for a short
algebraic proof in our non-cocompact case).

If n > 6 and G is self-conjugate, then G meets our requirements. Otherwise, if G is
freely generated by g1,..., s, say, we let G' = {[[, g;",>_,n; =0 (mod 6)} and G" :=
G'NrG'r, where r = (9}). Then G” is a self-conjugate subgroup of G of finite index at
least 6 in G. Therefore by [MKS04, Corollary 2.9, Theorem 2.10], it is free of rank at
least 6. 0

In the following we shall fix a G satisfying the properties of Lemma Note that
the group G is discrete, of covolume [G : G] Vol(H/G) < oo [Kat92, Theorem 3.1.2]. It
inherits a cusp at 1 from G, and thus satisfies all the hypotheses from [BDLb], Section 1.1].

Finally, for G’ € {G,G}, b € C(G') and Q > 0, we define the analogue of for
subgroups of SU(1,1) as

Co(G;Q) :={x € G'0,0 < | Im Y (2)] < Q}
where, following [BDLD, eq. (1.5)], Ty(z) is defined for x = ¢'b, with ¢’ € G’ as
T (@) =ath  gs=(20),

5The constructions in [Sel60, [EEK82] yield a normal subgroup, but we will not use this property
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where sy € SU(1,1) is a scaling matrix for b in G’, which in this context means [s}]g is
a scaling matrix for [b]g, that is

54)  si=b, G=s{x (TN 00) } KEZ £ =+ilG =G}y,

A quick computation shows Jm Y (gb) = ¢[gju(s.)s; in particular, for any b € C(T') one
has

(5.5) Co(I5Q) = [Cloy, (G5 Q)m-

Lemma 5.2. Let (g;); be a set of representatives of G\G and, given b € C(G). Then:

— For all j, we have g;b € C(G).
— Let nj € Z~ be the index |Gy : §]71 Gy,09;|- Then for all Q >0, we have

Q) =JCy,(G: Qv;)

where the union is disjoint.

Proof. Let b; := g;b. Note that obviously b; € C (@). To prove the first point, let 0 € G
be parabolic and such that cb = b, and 7 = gjagj‘l, so that 7b; = b;. Since G/G
is finite, we may find a positive integer n > 0 and 7 € G such that 7 € G. The

equality 7"b; = b; and the fact that 7" is a parabolic element of G implies that b; €
C(G). By definition of n;, we have

G, = G;5{ (142 ~R12) &k € nyZ}(g,%6) "

where 5, is a scaling matrix for b as a cusp of G. We conjugate by ¢ := ((1+m)/2vm (1=nj)/2ym5)
which gives the following scaling matrix for b; as a cusp of G,

v %) = 99,5 and (¢ ) = gg;5et.
+ 0")//n;. Thus,

Let now x = gb;

= gg,b for some g € G and let (
Clearly, (2) = (< 7) ,

t, which implies o + /3 (cx

Since we have a disjoint union G' = U;g,G, the conclusion of the lemma follows. O

5.1. The skew product. We need also to transfer the multiplier u,(2) defined in ([2.1)
to the disk setting. For all g € G and z € D\ {1,¢ 11}, let

V() == X'(9)4,(y) ",

where y = [z]g, v = [g]m and X(g) := x (7). With this correspondence, we have
Ug(x) = uy(y)

and the period relation
(5.6) D919 (1) = Vg, (g27) 0, (2),

which we will use repeatedly. Note that the set of values taken by ¥,(z) forms a subgroup
of the roots of unity, namely

O = {Vy(z),g € G,z € C(G) ~ {1,97"1}} = {n*x(7), (v.n) € T x {£1}}.
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6. TRANSFER OPERATORS

6.1. The operator . We now summarize the set-up of [BDLD], which builds on [BS79,
Marl§|. We let R be a fundamental domain for G\ID whose sides are geodesics. By [Tuk73|
Proposition] we may pick R having all its vertices on DD and, by rotating the domain if
necessary, we can assume 1 is a vertex. Each side s is paired with another side of R,
say 5, by an element g, € G \ {1}, in such a way that s = ¢,5 and gz = g;'!; finally the
group G is a free product of the elements g;.

We label the sides of R according to elements belonging to a finite set X of letters —
which we identify with Z/2mZ for some m > 1 — proceeding counterclockwise from 1.
For convenience of notation we import the additive structure of Z/2mZ and in particular,
we have that a,b € X are contiguous sides if and only if a — b = £1.

Given a word w = a; - -+ a, with a; € X, we say that w is admissible if a; # a;+;1 for
all 7. We denote by ¥* the set of admissible (finite) words in ¥. Given w = a; - - - a; € ¥¥,
we let gy = Gay "+~ Ja,- We also let @ := G, ---ay, so that gz = g,', and we denote by
h,, the Mobius transformation associated to gy, that is hy(2) == gy - 2.

Given ¢ > 1, we say that w = aq---a, € X" is a cuspidal cycle if for some direction
d € {£1} one has

(61) aj+1:6j+5 V]:177£_17 alzag—i—&

see the corresponding definition in [Marl8, Section 3.2]. We say that w; is a non-empty
prefix of w if w; = a;---a; with 1 < j < ¢, and say the cuspidal cycle w is minimal
if there is no non-trivial, non-empty prefix of w which is cuspidal. Given a € X, there
are exactly two minimal cuspidal cycles with first letter a, one for each choice of the
direction 0.

Given a € ¥, let [a] and [a]° be respectively the closed and open arcs in dD delimited
by the two endpoints of a and not intersecting any other vertex of R. We have that
9.(0D N\ [a]°) = [a]. More generally, if w = ay---a, € ¥*, then g, (0D \ [a,]°) is a
sub-arc of [a;] which we denote with [aq,...,a,] or [w]. As the length of w goes to
infinity, the arc [ay, ..., as] shrinks and determines a unique limiting point indicated by
la1, as, ...]. Every element of JD can be written in this way, although not necessarily in
a unique way (see [BS79]). The Bowen-Series map B is the map that sends [ay, as, . . .]
to [ag, as, ...]. This is well-defined on 0D except on the set V' of vertices of R. Because
of the presence of cusps, the map B is not uniformly expanding. As in [BDLb], we
consider two “accelerations” of B: the induced map Fx introduced in [BS79], and the
cuspidal acceleration F, : 0D N\ V' — 0D defined in [BDLb|, which is related to the
cusp acceleration introduced in [AMU16]. We refer to [BDLb| Section 3] for the precise
definition, and recall first the classification of the inverse branches H,. of F.. These are
Moébius transformations defined on suitable subsets of JD and can be divided in the
following types :

(i) The maps h = h,, for w = a € X, with domain Dom(h) consisting of the union
of all arcs of the shape [b1, bo], by # @, which are not contiguous to [a]. This last

condition means that either by # a + 1, or else by # /l;l + (by —a).
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[a]

Dom(h,)

(ii) For each triple (wp,w;,n) with wy a minimal cuspidal cycle, w; a non-empty
prefix of wy, and n € Z>( such that n > 1 if w; is of length 1, the map h = h,,
where w = wiw;. Its domain Dom(h) consists of the union of all arcs [a, + 9, bo]
which are not contiguous to a,, where a, is the last letter of w; and § is the
direction of wy. The maps h = h,, for w = a € ¥, with domain Dom(h) consisting
of the union of all arcs of the shape [by, bs], by # @, which are not contiguous

to [a]. This last condition means that either b; # a1, or else by # by + (b — ).
Dom(h,,) (if § = +1)

[a,]

Dom(h,,) (if 6 = —1)

For simplicity of exposition, we shall often indicates also the index of the inverse
branches of the first kind as w = wiw; with n = 0, w; = a and wy a minimal cuspidal
cycle such that w; is a non-trivial prefix of wy. By [BDLD, Corollary 4.6], for h € H..
and z € Dom(h), we have |h/(z)| < 1/(n+1)? where n is determined above. In particular
this is independent of x, and for brevity, we denote

|| =< |h'(x)], (x € Dom(h))

in all estimates where an order of magnitude is sought.

Notice that the set of possible wy and w; that appear in these decompositions is finite.
We also remark that by [BDLD, Lemma 4.4] the matrix g¢,, is parabolic and generate
the stabilizer of its fixed point w = wy, = [wg, wo, wy,...]. The fixed points w,, are
vertices of R and, as wy varies, they generate G\C(G). For each vertex w of R, we fix a
scaling matrix s, and let vy, € {£1}, 1y, € {0, (£1)*} be defined as

—1 (1 vy L SgIl(Uw C[Sw} )k w 7é 17
(62) [Swwogwoswwo]H - ( 10) bwo == {O 0 ) w=1.
We remark that w,, = wg, and vy, = —vg,.
Furthermore, for any h € H., we let Im(h) := h(Dom(h)). For any w = a;---ay, € ¥*
we have that Im(h,,) is contained in the arc [a1]°, and is bounded away from its endpoints
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by a constant (depending on w). In particular, for any w = w{w, as above we have
(6.3) lgwr — 1| >0 1, gz — 1| > 1, |gu, & — wu| > 1 V2 € Dom(h,),

where the second and third bounds hold since Dom(h,,) € Dom(h,,, ). This also implies
(6.4) @ — gp 1 >0 1, |z — gl 1> 1, |gur — 51> 1 Va € Dom(hy).

In addition to the construction above quoted from [BDLD], we will need the further
hypothesis that R is conjugation invariant, that is

(6.5) R=R.

To obtain such a domain, it suffices to follow Tukia’s construction [Tuk72, [Tuk73] of the
fundamental domain R maintaining the symmetry at each step, as allowed by the fact
that G is conjugation invariant. We remark that the assumption (6.5)) is not preserved
by rotations of the fundamental domain. Nonetheless, we still have that 1 is a vertex
of R. Indeed, if we assume by contradiction there is a (necessarily symmetric) side s
encircling 1, then also the side 5 would have to be symmetric and thus, since s # s, it
would have to encircle —1. Since g, also sends 5 to s then, by unicity, g; is real and thus
fixes 1; moreover, as the two sides are not tangent, g, is hyperbolic. Since 1 is a cusp, it
is then fixed also by a parabolic matrix, which is impossible.

6.2. The operator .Z. Next we recall from [BDLD| the definitions of the map Fp, the
set ‘H of its inverse branches, and its transfer operator £. In the present paper we will
only need a few facts on the sets H and .Z.

Let
K= U a, b].
a,bex
la—b|>1

The set H is a set of smooth maps from K to itself, satisfying the following:

— We have ming |h/| < maxg |h'|, which justifies the notation |h’| defined up to a
constant depending on R.
— For some § > 0, we have

ORI < .
heH

— Every h € H decomposes as compositions of maps from H,, in the way described
in [BDLbl Lemma 3.3].

We can now quote from [BDLD, Section 5.4] the following definition. For all s € C
with Re(s) > 1 — 4, the operator % is defined on maps on dD x © by

(6.6) L) =Y I F(hy).0w0ny),  (yeK9eo).,

heH
y€Dom(h)

where for h = h,, € H

On(y) = Vg, ()-
For all (z,79) € K x ©, let

(6.7) Fr(x,9) = (Fk(x),09,(z)), (Fr(x) =gzx,9 € G),
and denote
(6.8) dv(z,9) = ds(x) dv,

where dv is the normalized counting measure.
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By definition we have F(h(z)) = x, and thus

©9) [ Zlflgdv= | AT goFuldv= [ f-(goFi)-|Fl v
Kx0© Kx0© Kx0
by [BDLb) (5.8)].
The properties of .Z; play a key role in our work. For the most part we will be able
to directly import the required information from [BDLbD, Theorem 1.3]. However, we

shall still need some key facts on £, when computing the first and second moments in
Section

Lemma 6.1. There exists 6 € (0,1—10), and a bounded open set U C C contained

in {Re(s) > 1 — 6} and containing the interval (1 — 0, 2], for which the following holds:
(i) For each s € U, the operator £, acting on

CHE X O+ 1), [l = 1fllse + 11l

is precompact, where derivative is understood with respect to the first variable
and the norms are taken over K x ©. It has a simple eigenvalue \(s) of largest
modulus.

(ii) Denote & the eigenfunction associated to A(s) with normalization £;(0,9) =
£1(0,9).  Then & depends only on the first variable; we have {5(x) = O(1)
uniformly for v € K and s € U. The same holds for &.(x).

(iii) The map s — &s(x) is holomorphic on U for all x € K.

Proof. (i) For s in a neighbourhood of 1, this is [BDLbl, Proposition 7.3] with the
difference that there L, acts on a suitable Holder space. The same proof gives
the statement in C' (cf. also [LS25, Proposition 7.5]). If s € Ry, then the
result follows from the classical Perron-Frobenius theorem, as in [Bal00, Theo-
rem 1.5]. Finally, by perturbation theory [Kat95, Theorem VII.1.7], we obtain
the conclusion for s € U if U is a small enough neighborhood of (1 — 9, 2].

(ii) The first point follows since the averaging operator f(z,9;) — [©] " Y oveo f(x,0)
commutes with Ly for all s. To see the second point, first note that by [Kat95,
Theorem VII.1.7], the essential spectral gap ps is bounded below by a positive
constant for s € U. Let &, be the eigenprojection associated to A(s). Since s —
%, is bounded-holomorphic in the sense of ibid., we deduce that s — 22, also
is, reducing the neighborhood U if needed. The claim then follows since the
eigenfunction & defined in the statement is £ = c¢Z[1] for some constant ¢ > 0,
therefore ||&]|1 < || Zs]| < 1.

(iii) This follows from the bounded-holomorphicity of s — & in the previous para-
graph.

O

7. PROOFS OF THE MAIN STATEMENTS: LIMITING THEOREMS
In this section we begin the proof of Theorems [2.2] and [2.5]

7.1. Estimates on the observable. We translate the estimates of Lemmas[3.10land [3.11]
in terms of the disk model. For x € C(G) and g € G, recalling the notation (5.2), we let

L(z.s) = |pi(x)| ' L(p.s — }, [ale) € C. (@ #1)

(7.1) 51 _
Gy(x,5) == Vy(x)L(gz, s) — |g' ()" L(z,s), (z ¢ {1,97"1}).
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We warn the reader about the shift in the parameter s, so that the additive twist Ly (z)
now correspond to s = 1. This choice is more natural with respect to the normalization
in [BV05, BDLD]. We stress the difference in notation between the automorphic form ¢,
and the observable ¢, (in bold, indexed by elements of &), which will also be clear from
the context.

The quantities are initally defined for PRe(s) > 3/2, in which domain we have

(7.2) by(w,5) = pia(@)]" L9 (@) g ()Y (2 s — 5), (v = [gla),

with hﬁ defined in . Thus, by Lemma m, the map ¢, extends to a function
on (OD~A1, g~ '1})x{Re(s) > 1/2} which is continuous in z for every s, and holomorphic
in s for every .

For s = 1 we drop the s-dependence in the notation and let

L(z) := L(x,1) = Ly([z]n),
by () = ¢y(2,1) = Vy(2) L(gx) — L(z).

With a slight abuse of notation, for an inverse branch h = h,, € H. (or h € H) associated
to a matrix g = g, € G, we write ¢, 1= ¢y.
The following lemmas translate the conclusion of Lemmas and to the maps ¢y,.

(7.3)

Lemma 7.1. For all h € H., we have the following bounds:
(1) For all € > 0, we have

T8 uw) — ule) < (W7 mae [y — 12— ]
ye{x,z’
uniformly for h € H. and z, 2" € Dom(h) \ {1}.
(2) If ¢ is cuspidal, then
(7.5) on(zr) < 1 (h € He,x € Dom(h) N {1}).

(8) If ¢ is not cuspidal, then writing h in the form h = hypw, and letting w = wy,
and Ly, U, be as defined in (6.2), we have for sy # 1/2

Gn(x) = Ass(0)Gr(59,2(Imz) ") 4 Boo(¢)Gi(1 — 54, 2(Tma) ")
+ Lwoﬁh<x> (Aw(¢)Gk(S¢, UwOTL) + Bw(¢)Gk(1 — S¢, Uwon)) + 0(1),
uniformly in x € Dom(h) and n > 0. For s, = 1/2 we have
61(2) = Decl@)Ga(,200m 2) ™) + L1y (2) Du(8) G (3, )

s {om, (Bo(9) = Bu(0) = 0),
O(lz — 1|72 +nY2)  (otherwise)

(7.6)

with the same uniformity.
(4) For 1/2 + ¢ < Re(s) < 1 and x € Dom(h) \ {1} we have
(7.7)

¢h(l’, S) <K

oElm(s)]

(1 + |S|)9{e(s+s¢)—g

. <’h/|%e(s)—1(’x _ 1‘29%(5)—2 + |SL’ . HD?e(s)—l—pd)—e) +

14 |h/‘9‘ie(s)71 4 |h/|(9ﬁie(s)flfp¢fs)/2>

Proof. Write h = h,,, with w = wjw; as in the statement. By (6.4)), the estimate ((7.4)
follows from Lemma for each fixed n. Thus we may assume that n > 2. As
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a consequence, we have that h is an inverse branch of kind (ii) and thus Dom(h) is
contained in some arc [a], a € . By the analogue of (3.6]) for ¢, we have

(7-8) d)h(wa 5) = ﬁgwl ('Ta 5)¢g{f)o (gw1x7 5) + |gqug (gw1x)‘871¢gw1 (JJ, 5)
for all z € Dom(h). Also, recall ¢gp = 0 if wy, = 1. By Lemma and (/6.4)), we have
Pgu, (%) = Py, (2) < min(lz — 1], |’ — 1) 7| [a]u — o] "
< min(|z — 1|, |2/ — 1])~@20) |z — /| 7Pe
whereas by Lemma and (6.3))-(6.4]), we have
¢g{},0 (ur @) — ¢g{})0 (9, 2)

since Dom(h) C Dom(h,, ) and so |g,,y — 1| > 1 for y € Dom(h). Also, as implied by
Lemma below the map z +— 1, (z) is constant in Dom(h) ~\ {1}. Thus, using the
bound !19 ‘ < 1 and taking finite differences, we get

<L nflr — x’|1_p"5_E

dn(x) — u(a’) < (n° + min(|z — 1|, [ — 1))" )|z — /|77,

which implies the bound (7.4) since |h/| < (14 n)~2.
Next assume that ¢ is cuspidal Then, the bound (7.5 follows as above by the

bounds and (6.3)-(6.9).

Fmally we focus on ([7.6)). By Lemma with p = [gu,Ju, and (6.3)), we get
By (G0r7) = o (580 1) Dy G0y ) (A ()G 5001) + Bul@)Gal1 = 50,m)) + O(1).
On the other hand, by Lemma with v = [gu,Ju and (6.3)-(6.4)), we obtain
Py, (1) = Au(0)Gr(sg, []) + Bu(9)Gi(l = 4, [2]n)) + O(1).

Inserting these estimates in (7.8)), the claimed bound ([7.6)) follows since [z]y = 2(Jmz) '+
o(1).

Finally, (7.7 - follows from - - as above We remark that we also have to
account for the extra factors |pi(z)|"°|¢'( n ([7.2)), which can be dealt with by
using that by (6.3)-(6.4) for z € Dom(h) we have

(@) =< o =172 Ipla(gw@)l < 1, g, (@) =<1, |ghp (g (@) < (1+n)72% O

Remark 7.2. In the non-cuspidal case, the bound could be slightly refined, by
using the log-factor in instead of bounding them by arbitrarily small powers of y.
Assuming for simplicity |Re(s — 1)| < 1/2 — ¢ and recalling (2.9)), this allows to replace
the factors |h’|=%/? and |z — 1|7¢ in the bound by log(2 + |/|~1)#s=1/2 and log(2 + |z —
1|71)Be=1/2 yegpectively.

We are now able to verify the main conditions in [BDLb] on the norm of the period
functions at parabolic elements. As in [BDLD], we let

[fllcx :==sup[f(@)],  [[fll,x = sup ———— %=, (k>0).
zeX T ‘
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Corollary 7.3. We have

forallaw>0 (¢ cuspidal),
for 0> a <2 (otherwise),

(79) Z ‘thh’/qusthooIm h2) < 00 {

hi,ho€H,
Im(hg)CDom(h1)
(7.10) Y BIBRG Pnallocimna) | Phalloc,imna) < 00

h1,ha,h3€H,
Im(hz)CDom(h1)
Im(h3)CDom(h2)

(7.11) Z [P 1713y tmng) < 00 {

hi,ho€H,
Im(h2)CDom(h1)

Proof. By [BDLE, eq. (4.10)] we have dist(1,Im(hy)) > |h5|'/2. Then, using (7.4)-(7.6)
we deduce that for each hy, hy € H,. with Im(he) C Dom(h) we have

for0 < X< 3/2 (¢ cuspidal),
for0 < A< 6/5 (otherwise).

| Dn, | (1/3), sy < R4~ Po/6=¢ L hax ¢ — 1|23 po/32
x€Im(hg)

< |h/1|—p¢/6—€ + |h'2|_1/3_p¢/6_5.

for any € > 0. Thus, for ¢ small enough and A < (2/3 4 ps/3)~*

Yo ImlRallon fysme) < Y (B[RO <

hi,ho€H, h1€H,
Im(ho)CDom(h1) Im(h2)CDom(h1)

since, by [BDLD|, Lemma 5.2] we have Y, ., [I'|” < oo for all ¢ > . This proves (7.11).
Similarly, when ¢ is an Eisenstein series, eq. E yields

||¢h1||oolm(h2 < sup (1 + |$ 1|—1/2 € + |h/| 1/4—5) < ‘h1|—1/4—a + |h/2|71/475.
z€lm(h2)
Thus, we deduce as above that the left-hand side of is finite when a0 < 2, by taking ¢
small enough.

When ¢ is cuspidal, by (7.5) we have ||, ||oo,im(r) < 1 independently of hq, hy, and
thus the left-hand side of ([7.9)) is finite for all a > 0.

Finally, we move to ((7.10]) for which a trivial application of does not suffice, and
we need to be more precise. Given h = hwgwl € H., denote wy, = wy, and 1, = Ly,
so that ¢, = 0 if w, = 1 and |¢| = 1 otherwise. Since dist(1,Im(h)) > 1 for wy, # 1,
we have, in any case, dist(1,Im(h)) > || + |B/|V/2. Recalling also the factor ¢, in the
second line of , we then have

1/4—e

1/4—¢ .
/ +(1_|th+1 |h +1| ) J=12

||¢hj||0071m(hj+l) <1+ thlhjr

Thus, since (1 — |y, |)|tn,| = 0, we deduce

1001 oo, 11002 | D llow,tenray << (IR ™47 4 (IR R ) ™47 + (| [ )~/

and the result follows by summing over hy, and hs. O
In the rest of the proof, given z € C we let 2'= (Wézg) € R?. Also, we let
(7.12) (z,w) := Re(zw) (z,w € C)

denote the usual scalar product of 2" and .
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7.2. Cuspidal case.

First part of the proof of Theorem[2.4 Let t € C. We wish to estimate the characteris-
tic function
X0u(t) := Egu (e ey,

By Lemma and ([5.5]), we have
Xou(t) = EiEq mricg,ms (€
where now = € C(G), L(z) is defined in (7.3)), and E; denotes a sum over j weighted
By Proposition below, and since the fundamental domain R has at least 8 sides,
the multiplier system v,(x) satisfies the stability and mixing hypothesis from [BDLD),

Section 5.1]. We also have the bounds (7.9) and (7.11)) from Corollary By [BDLD,
Theorem 1.3, we deduce the existence of ty > 0 such that for |t| < ¢y and any j,

(7.13) Eq g, (€ “FE) = exp { (log Q) (i(t, ) — 1 "ST+O(|t*) +0(Q° +]¢)) }.

where

(7.14) 0= /K log | Fle (v)[€(y) ds(y) = —N(1),

(7.15) i 200 /K D1 ()& (y) ds(y).

and X is a 2 X 2 symmetric positive semi-definite matrix which is defined in [BDLD,
Lemma 8.6]; in particular, it is independent from j. The map P is defined from
¢ as in [BDLD, eq. (5.9)], and ¢ : K — R, is the Fg-invariant measure [BDLD)
Proposition 3.6], which is smooth and positive on K. We recall also that A\(s) was
defined in Lemma and that ds(y) denotes the arc-length measure on 0D.

Since p and X are independent of j, x¢ also satisfies the asymptotic relation .
By the Berry-Esseen theorem (see e.g. [BD22b, Section 9]) along with the Portmanteau
theorem, the stated central limit theorem follows, and to complete the proof of Theo-
rem it remains only to show that g = 0 and X is diagonal, which will be done in
Section O

<t7L(a:)>)

9

7.3. Non-cuspidal case.

Proof of Theorem[2.5 For the proof, we will focus on the case when s, = 1/2 and By(¢) =
0 for all b € C(I'), and will explain afterwards the modifications required to treat the

complementary cases. The proof of Theorem is similar to that of the cuspidal case,

except that now holds for @ < 2 only. By [BDLDbl Theorem 1.3], we deduce

(716)  xau(t) = exp {108 Q) (375710 + O + 0@ + 1t .

where, in view of [BDLD, Lemma 8.4] and ((7.10)),
I(t) = / (eitv®e@) _ 1)p(x) ds(x) dv
oDx©
(7.17) = i(t, ) + o([¢]),

with p defined in ([7.15]). Here ¢ is a positive piecewise smooth function on 0D which is
smooth at vertices of R, see [BDLD| (3.19)], and the map @, is defined by

(7.18) Do(z) = Un(y) 'duly),  (y=h(zx),heM).
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The sets Im(h), for h € H,, partition the circle D into intervals, and by changing
variables (note that ds[h(y)] = |h'(y)| ds(y)), we get

(7.19) I(t)= > Iit),  Iu(t) = / (e"tvon@) — 1)o(h(y))|M (y)] ds(y) dv
heH, Dom(h)x©

Recall the classification of elements of H, in Section [6.1 Accordingly, we divide the
sum over inverse branches as

(7.20) ) =Y Int)+> > Th g (B)

beX wo,w1 N

where n is summed over Zs; if w; has length 1 and over Z>( otherwise. Also, we recall
that for inverse branches of the second kind we have that Dom (Aupw, ) = Dom(hwowl) is
independent on n.

We wish to apply Lemma to estimate these integrals. By Lemma the map ¢,
is continuous on Dom(h), with the exception of a possible blow-up at 1 if 1 € Dom(h).
This has the shape © — A (¢)Gi(3,2(Tmz)™) = Ax(9)Gi(3 :i:2)|x 172 + 0(1)
as 0D > x — 1 with sgn(Jmz) = +1 and with G, defined in (3.31). Note that the
coefficients here are independent of h.

Let us first assume that © C {1,—1}. We abbreviate

(7.21) Ao (£) 1= A1 (8)Gi(3, £2), AMwo) = Lu, #1Aw,, (0)Gr(5: Vuy)-

Combining the facts above, we apply Lemma [4.1/to > Iy, (t), where the integration
0

is taken over the arc Dom(hy,y, ) (cf. Remark 4.2)). We let ¢ := |t| # 0 and zy = 1. By
Lemma and [BDLD, Lemma 4.5], the hypotheses |(i)| of Lemma are satisfied with
the quantities a and (3 given by

Gy = lim 72 / g ()
Dom(hwowl)

Tim Wi ()| ds(y) o

= (W) lim n2/
n—0o0 Dom(hwowl)

where w,, is the fixed point of g,,,

(7.22) o+ = 11 cDomthmgnr) Zs@ wgun (1 90)) Ay, (D],

g ()] ds(y)

with f(1440) := limapsz—1sen(@m@)=+1 f(2), and Gy, Qwg,w,,+ satisfying
2 2
|G |7 = [(E/[E], Awo ),
2 2
|dw0,w1,:‘:| = |<t/|t|7>‘00(j:)>| )
where we used the assumption © C {1, —1}. We deduce that

(7.24) thwnwl (&) = i(t, fuoun) — (K50, (&) + K5, (0))[Elog [¢]] + O(J),

(7.23)

for some iy, € C and

KW (t) — 2000 | (£/1E], M) )|,

wo, W1

w0w1 _22 Z ‘<t/|t|7>\ >| wo'wl 1i20>>|hw wl( )|

1 14i0eDom (hwgw, )
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We will now show that >, (K K5 (t)+ K&, (t)) is a positive constant independent

on t. We start by rewriting o, ., in a more suitable shape. By [BDLb, Lemma 4.5],

we have
’“’0 w1 n2 diSt(hwl (9)7 Wwo>2 7

where C'(wg) > 0 satisfies C(wg) = C(wp) and dist is the Euclidean distance. It follows
that

(n — 00)

Qpgwy = SO(WUJo)C(wO)J(wOa wl)a
with

|h | ds ds(y)
(7.95)  J(wo,wn) = / L _ / _dsly)
Dom (huguw,) SR, (Y)s Wi ) oy (Dom(huguwy )) HSE(Ys Wiy )?

after the change of variables y < hy, (y). Since hy, (ww,) = 1, a quick computation
reveals that for all y € 0D N {wy, },

@) 1
dist (g (¥), Wuo)?  dist(y, wi)?’

thus, after a further change of variables, y — hy,(y) = h%(y), we have

/ ds(y)

hgg ohw, (Dom(huwgw; ) dlSt(y7 ww0)2

Now, for wg =by---by and wy = by ---b, with 1 <r </, we have
hﬁ)?) ° hwl (Dom(hwowl)) = huy (Dom(hﬁowi))

(726) J(wg,wl) =

~

where w} = [ b,+1 is a (possibly empty) prefix of wy. Since wy,, = wg,, then (7.25))-(7.26)
imply J(wo, w;) = J(wWp, w)) and repeating the same change of variable in ([7.26]) gives
that also J(wg, wy) = J(Wp, Wp). In particular, J(wg,w;) = J(Wy, wT), where w} := w]

if wy # wy and w§ = Wy. The map (wp,w;) — (Wy,w]) is a permutation among the
admissible indexes, thus we obtain

> Kl )= 5 S (KW, () + K, ()

= > (W) C(wo)J (wo, wr) (|(/[8] Alwo)) [* + [(/[¢], A(@o)) ).

As observed after its definition (6.2), we have vg, = —vy,. By (3.38) and (7.21)), this
implies that A(wy) = +iA(wp) and so, recalling (7.12]),

8/ 161 ACwo)) 1+ 1{8/1e], A@DI = [e/18] - Xaw)| = IA(u)
Thus,
(7.27) Z wo w, ( Z go(wwo)C(wO)J(wo,wl){AwwO(gb)Gk(%, 1)‘2 =: ¢,

say. Notice that all factors in the sum other than ‘Awwo(qﬁ)f are strictly positive; also,

as wy varies, wy, spans the set of vertices of the fundamental domain. Thus, ¢! > 0
unless A, (¢) = 0 for all cusp w not equivalent to 1, in which case ¢V = 0.
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We now consider »_ Ki(ui),wl. By (6.5) we can use the permutation (wg,w;) —
(wo, wy) given by complex conjugation and obtain

1
D ERL®) =5 D (KR, (0) + K (D).
wo, w1 wawl

Since ¢ is real valued and symmetric with respect to the real axis, after the change of
variable £ — F, we have

K2 (t) —2Z|hw wn ST /L AP (1 £ 40))
1:tiOEDom(thw1)
and thus we have

D KR = Y iy, (1) Y. g (1£i0))

wo, w1 wo,wW1,n 1£30€Dom (hawgwy )
X (|/ 18], Moo ()7 + 1{E/[E], oo (=))]7)
=4O D M O Y ol (1 £0))|Gi(3,2)]

wo,W1,Mn liiOEDom(thwl)
= C(2)

Y

say, where we used (3.38)) and (7.21)) as above. Also, ¢® > 0 if A;(¢) # 0 and ¢? =0
(7.27

otherwise. Recalling ((7.27)), we then have
(7.28) D KD, )+ KD, (1) =c
wo,w1

where ¢ := ¢ 4 ¢?) > 0 since, by assumption, ¢ is non-cuspidal with B, (¢) = 0 for all
w, and thus we must have A, (¢) # 0 for some cusp w'.

Next, we turn to the first summand in (7.20)). Applying Lemma [4.1|as above to Iy, (t)
(with oy := 0, cf. Remark [1.2)), we obtain
(7.29) In, () = it ) — Ko(2)[¢]*[log [t]| + O([t[),
for some p;, and

K(#):=2 ) p(h(1£00))[h(1)]I{#/[t], Ao (£))]*.

14+:0€Dom(hy)

Proceedin as for KI(UQO)ywl, we deduce ), Ki(t) = d for some d > 0. By ((7.20), (7.24), (7.28)

and ((7.29) and by ((7.17), we then have

7%
(7.30) I(t) = it, p) — - [t log [¢]] + O(J¢]"),

with o := \/2(c + d) > 0. Inserting this estimate in (7.16]), we conclude using the Berry-
Esseen theorem (see [BD22b, Section 9]) that holds, modulo the fact that g = 0.

The case |©| > 3 is similar and in fact simpler. Indeed, we can apply Lemma as
above with the difference that now is to be replaced by

| Qg0 |* = |/ [E], vA(w0)) [,
|dwo,w1,:|:|2 = |<t/|t|7vf‘9wo)‘00<j:)>|27

6In fact, in this case one could also avoid using (6.5)), using instead the continuity of ¢ at hy(1) and
that 1+ 40 € Dom(hy) if and only if 1 —i0 € Dom(hy).
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where v is the variable of integration over © in (7.19) and 9, is the value taken by 9(z)
in the interior of Dom (A, ) (see Lemma (9.2 below). Since © has order at least 3, then
a quick computation shows that for any vectors t, x € R2,

/@ (60 k)P do = 6211

Thus, performing the integration over v, we obtain ([7.30) with a positive o, without the
need to use the symmetries as done above.

This concludes the proof of Theorem [2.5] save for the equality g = 0, in the case
when sy = % and By, = 0 for all b.

In the case when s4 = % but By # 0 for some b, the previous arguments are adapted
with the only changes that Lemma is applied with the hypotheses the logarith-
mic terms being due to the shape of . This setting is identical to [BD22b], and
leads to an asymptotic estimate of the shape

2
. g (3
(7.31) I(t) = i(t, p) — §|t|2|10g [#]]” + O(|t[*log [¢]|*")

instead of ((7.30)). The rest of the proof is identical to the previous case.

Finally, let us focus on the case when sy = % + ity # % We split I(t) as in (7.20)).
For h = hypw, € He and v € O, Lemma yields for (t/|t|, v (x)) an expansion of
type

2
Z (aj|3mx]_l/2 cos(ty log |Jm x| + 60;) + d;[t]|n]"? cos(ty logn + 0;))
=1

where 6,0’ could depend on ¢,v. The coefficients a;, d; are of the shape

JrYg
a1 = [Asc(9)Gr(5p, 2m1,1)|, az = |Buo(9)Gr(1 — 8¢, 2121,
dl = 1ww07é1‘Aww0 ((b)Gk(S(]ﬁa 771,2)| d2 = 1ww07é1‘waO <¢)Gk(1 - S¢7772,2)|

where 7, ; are £1. The coefficients a;,d; do not depend on t (contrary to the earlier
case ((7.23))), and since Gy, (*, *) # 0, at least one of a;,d; is non-zero for some cuspidal
cycle wy. We apply Lemma with hypotheses and obtain

ST T, (8) = it ') — cltPlog(e])] + O(1t]?),

wo, w1 N

with ¢ > 0 and some p'. The contribution of }° s I;,(t) can be analyzed in the same
way, and thus we obtain ([7.30]), and hence Theorem , also in this case. O

8. COMPUTATION OF THE FIRST AND SECOND MOMENTS

8.1. Overview. In order to complete the proof of Theorems and [2.5] we are left to
prove :
— that in both the cuspidal and the Eisenstein cases, the mean-value p is zero,
— that in the cuspidal case, the variance ¥ is equal to %aéfg where I, is the identity
and oy is given by (2.§).

In the modular group case I' = SL(2,Z) treated in [BD22b], this was done by com-
puting the empirical expectations Eq[L(z)], Eg[L(z)? and Eq[|L(z)|’] directly. The
computations made crucial use of the existence, for I' = SI.(2,7Z), of an explicit expres-
sion for sums

(8.1) > e(tx),  (tez)

xGQQ
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in terms of Ramanujan sums. The Ramanujan sums enjoy a large amount of cancellation
and a multiplicative behaviour, related to the existence of Hecke operators, which was
crucial in the arguments in [BD22b]. In contrast, for arbitrary groups I, existing results
on the estimation of rely on the analytic properties of the Selberg zeta function
(see [PR18] eq. (3.9)]), and the available uniformity in ¢ is prohibitive.

The dynamical systems approach naturally yields the expressions for the mean-
value, and an analogous expression for the variance. However they involve the period
functions ¢, whose definition in , as the continuous extension of a map initially
defined on the countable set C(I), is of little use by itself.

We solve this issue by approximating the function ¢, by the non-central L-values ([7.1])
with s = 1+ ¢ for € > 0. This is inspired by the construction in [DN26], see equa-
tion (3.13) there. The main point regarding our argument here, is that the maps L(z, s)
are now continuous in z by uniform convergence. We insert the expression into the
definition for i, separate the contributions of L(gx, s) and L(x, s), and recombine
them using the invariance of £&. We essentially arrive at an equality of the shape

(8.2 p=lm (s 1) [ Ln.960)dsto)
s—1t K

where the factor s — 1 arises from the effect of the factor |¢/(x)]*" in (7.1). The
equality can be thought of as a continuous analogue of the empirical expecta-
tion limg_,ao @EQ [L(z)]. In a way, the dynamical systems argument took care of
replacing the discrete average over C'(I') by a continuous average over 0. The con-
tinuous average is easily estimated by inserting the Fourier expansion stemming
from (2.6, using a rough bound on a,, and on the Fourier coefficients of £, and this leads
to the value p = 0.

Regarding the variance 3, although the computations are more involved, we eventually
find that the same idea leads to the expression

== lim 20 =1) [ L)L) € ds(0),

s—1+

Expanding the product leads to sums of the shape ) a,a,4%, which are handled by
means of Rankin-Selberg theory. Contrarily to the mean-value, the diagonal terms k£ = 0
survive the integration over y and give the main contribution.

8.2. Approximation lemmas.

8.2.1. Approxzimating ¢n(y) by non-central L-values. Recall the definition of the non-
central L-values L(z, s) and period functions ¢,(z, s) in (7.1)). Recall also the definition
of & and U in Lemma , of the maps pg, pp in , and that H denotes the set of
inverse branches of Fy (cf. Section [6.2).

Lemma 8.1. (i) For all g € G and x € D ~\ {1,97'1}, the map s — ¢y(z,s)
extends to an analytic function on Re(s) > 1/2.
(ii) For Re(s) > 3/2, the map x +— L(x,s) is continuous and bounded on R.
(iii) Uniformly for s € U and Re(s) > 1 —§, we have

(8.3) Z 11| (- )| lloo.Dom(n) < 1, (< min(ﬁ, )
heM

Proof. The first two points are proven in Section The third points follow from [BDLD,
Lemma 6.1] and ([7.7)). O
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8.2.2. Leading eigenparameters. For s e U, x € R, we let

r—1 28
84 S - S . 11‘ ?
(8.4) Gw) = &(57) Gy et
where we recall [K]g = pu(K). Note that, by a change of variable, for all n € Z we have
85 Gl = [ Glodelona)do = [ 1)l 76 we(-npan) ds(o)
K

Lemma 8.2. We have Cs(n) < n~t uniformly for n € Zyo and for s € U.

Proof. Note that [K ]y is a finite union of bounded intervals. By Lemmal[6.1]we have |(;(z)|, |¢)(z)] <
1/(2? + 1)'=2 uniformly for s € U and x € [K]y, whence by partial summation we de-

duce (s(n) < 1/n with the same uniformity. O

8.3. First moment. We recall the expression

_le-qy /K ()€ (y) ds(y)

0

for the mean-value, where 9 is defined in ([7.14)).
Proposition 8.3. We have p = 0.
Proof. We may assume © = {1}. For all s € U, define

(8.6) =31 / ) (b)) 11 ()] ds(y)

he?—t om(h)

and note that by Lemma and (8.3 we have
)> / 910 )5 (B ) ()] dsly) < 1.
D

hep ¥ Dom(h)
By Lemmas and [6 -m we deduce that the map s — p(s) is analytic in U, and

p=p(l).
Assume next Re(s) > 3/2. We insert the explicit expression from (7.1)), and separate

both contributions to the integral. Note that ¥ (y) = 1 since we assumed © = {1}. We
find for all Re(s) > 3/2

p(s) = Mi(s) — Ma(s),

where

Mi(s) = 2;[ 3 B0 W),
=35 [ B b)) )

hE’H

Since (J,cy Im(h) is a partition of K, after a change of variables M (s) becomes

-y / ) ds) = 5 [ o)) dsto)

hen ©
Concerning Ms(s), by definition we have for all y € K

S INWIG(R(Y) = L&) () = Ms)&(v)

heH,yeDom/(h)
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with A(s) as in Lemma [6.1] We deduce
Als)

MQ(S) = N

/K L(y, s)&(y) ds(y).

We conclude that

(8.7) u(s)

We insert the definition

(8.8) L(y,s) = [ph(y)|' ™ > " a(n)e(2mnpaly))n'
n>1

which is allowed by the bound (22.5)), since Re(s) > 3/2. We obtain

(89) u(s) = 2D S G ), ORes) > 3/2),

n>1

where ES() is defined in (8.5). By Lemma , the sum over n on the right-hand side
converges uniformly for s € U. Therefore, we conclude by analytic continuation that
the identity holds for all s € U. Since A(1) = 1, the proof is concluded by
setting s = 1. [

8.4. Second moment in the cuspidal case. In the remainder of this section, we
restrict s to a real neighborhood of 1. Let 6 > 0 be fixed and

Vi=[1,1+94].
For s € V, x € K and v € ©, we define &, by
(810) (I)K,s(xv 19) = ﬁﬂh(y)—lth(ya 8)7 (h’ S Ha Tr = h(y))7

in analogy with ([7.18]). For s € V, and picking § small enough, we let

(8.11) Xs = %(Id — N) T L Pk o1 (4], X = X1,

where .4} is obtained from .Z; by substracting the spectral projection &, onto its lead-
ing eigenspace. By [BDLb|, Proposition 7.3] and perturbation theory, the operator .45
is contracting on HY/%(K x ©) for s € V for § small enough, which justifies the defini-
tion (B.11).

Lemma 8.4. (1) The map X belongs to H'/(K x ©) for all s € V.
(2) For all s € V we have

(812) XS&S - %[Xsfs] = 92’;[(1)[(,552571] - QS[ngs]'
(3) As s — 17, we have x5 — x uniformly on K.

Proof. From the definition of % in , we have
(8.13) Lo Px s§2s-1](y, V1) = Vs Z 11 (Y)]° Pn(y, 5)as—1(R(y))-

heH
y€Dom(h)

By Lemma and (8.3)), uniformly in y € K and PRe(s) > 1 we have
S IN@ eny, )€1 ()| < D IH || @nl|cc.Domny < 1.

heH heH
yeDom(h)
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Let h € H, U1 and s € V be fixed . For y;,y> € Dom(h), we have
1/ (51)° = 1 (y2)°] <R[ X [y — w2
by the bounded distortion property [BDLD| eq. (4.1)]. We also have

(€251 (A(y1)) = Eas1 (R(y2))| < '] X |91 = u
uniformly in s, by Lemma [6.1}(ii). Therefore, we get that the map

y = |0 ()] by, s)Eas—1(h(y))

is %—Hélder continuous on K, with Holder constant bounded by

12| (/@8 || so,Dom(n) + H¢hH 1/6 ),Dom(h ) < |W'|([| Pl co.pom(ny + | @nll(1/3),Dom(n))s

by [BDLDbl eq. (6.4)]. By (7.9) and ( in conjunction with [BDLb Lemma 6.1]

we have that ), . |h’|(||¢h||oo, + ||¢h|| 1/3) < 1 and thus the map belongs
to H/5(K x ©) as claimed, and therefore so does x,. The identity is obvious
from the definition (8.11)). Finally, since &1, @n(-, s) and |F'|* are holomorphic in s, we
deduce by uniform convergence that the family of maps is holomorphic in s € V
in the sense of [Kat95], Section VIL.1]. By perturbation theory [Kat95, Theorem VII.1.7]
and the Perron-Frobenius theorem for .Z; (already used in Lemma on another func-
tional space), the family of operators (.4;)sey is bounded-holomorphic, therefore s — y;
is also holomorphic. This yields the third point. U

Lemma 8.5. For all¥ € O, as s — 1 with s > 1, we have
(8.14) / Lz, 5) Db (2, 9) ds(z) — 0.
K
Proof. Since A4 =0, so that 2(Id — A)7! = P, and L = P, we have

2ixe) = 2o = ([ out)e -

by Proposition [8.3] Thus we have 2;[x&] = (s — 1)g, for some bounded, holomorphic
family of maps g, € H'/5(K x ©). Using the complex number representation of L and g,
the limit (8.14)) is equivalent to

(8.15) (s—1) Z / Pl e(npa(y))gs(y, 9) ds(y) = 0 (s = 1)

n>1

and the same with g5 replaced by g;. We focus on (8.15)). Integrating by parts (see
g. [BD22b, Lemma 4.1]), we deduce

/ (W) e(npa(y))gs (v, 0) ds(y) < n~'/°

uniformly for s in a neighborhood of 1. Thus, as in the proof of Proposition 8.3 the sum
over n in (8.15)) is uniformly bounded, and we conclude that (8.15]) holds as claimed. [

The covariance matrix in ([7.13)), which we seek to evaluate, is given explicitly in [BDLD,
Lemma 8.6]. An alternative expression, more useful for our purpose, is given in [BDLD,
eq. (8.12)] and states

(8.16) 2= /K . (Px P + Xk + Prx”)E dv.
X

Proposition 8.6. We have ¥ = %ai Id, with o4 given in (2.8).
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Remark 8.7. 1t is instructive to compare with the value obtained by Nordentoft in [Nor21]
in the case when k is even and ¢ is associated to a cuspidal holomorphic form f(z) =
y*2¢(2). We then have s, = k/2 and ||¢|| = || f||» the Petersson k-norm, therefore

/1%
(k — 1) Vol(I'\H)

which recovers the value obtained in [Nor2Il eq. (1.4)]. Note that the factor (4)*
in [Nor21] is due to a difference in normalization originating from the Whittaker func-
tion Wk/27(k_1)/2(47{'y).

Proof of Proposition [8.6. First we reduce to the case k € {0,1}. To this end, let ¢ = Ly¢
be the level-lowered form, of weight k —2 and eigenvalue s, = s,. Then ay(n) = —ay(n)
for all n > 0, so that L,(x) = —L4(x). On the other hand,

o _ Il

ap  llel?
where the last equality is [DFI02, eq. (4.38)]. When k > 2, repeating this operation
shows that we may replace ¢ in Proposition by its “ancestor” of weight 0 or 1. A
similar argument holds when k£ < —1, using instead the level-raising operator. Thus we
may assume k € {0, 1}.

We start from the expression (8.16). By Lemmas , , and uniform conver-

gence, we get

2 _
0'¢—

(—ss+5)(—1+s5+5) =1,

3 = lim X(s),
s—1+

where

1 L . .
(8.17) N(s) =~ / (Brs®hubort + (RBh, + Bre XS, )

[ Kx0 ’ 7
Recall the definition (6.7)), and for s > 1, let
(8.18) L(x,9) :=9YL(s,x).
Thus, by (8.10) and ([7.1)), we may write
(8.19) O o(2,0) = Ly(2,9) — | Fie()|" (L 0 Fr) (2, 9),
whence

/ B XL dv = / (L, — | P (Es 0 Fi)REEs dv
Kx0© Kx0©

= / f’8<)28§s - Z[Xsfs])T dv,
Kx0©
by (6.9). Using (8.12) and (6.9), this becomes
/ éK,sizgs dv = / ESDZQ[(I)K,sé-Qs—I]TdV _/ Esﬁs[Xsfs]TdV
Kx© Kx©

Kx©

_ / G(EsofK)@’gs|f;(|1‘ngs,1dy— / L, P x,&) " dv.
Kx

Kx0©

By Lemma the second integral is o(1) as s — 17. A similar identity holds for [ 9285?553.
We deduce

1 S o S - s = = s
z(s)=5 /K 6(<I>K78¢7,;5+(LsofK)<1>§8|f;<|1 +(I>K7S(LsofK)T|]-"}<|1 )&as—1 dvto(1).
X
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Inserting the expression (8.19)) and simplifying, we get

1

2(5) =3 [ (BET — (B0 Fi)Eeo Fi) 1Pkl dv +0(0),

and finally, since %, 1&25_1 = A(2s — 1)&s5_1 and using once again, we arrive at

1—-X2s—-1 g

#/ LL 6, 1 dv,  (s—1%).
0 Kx0©

By definition of ® [BDLD), eq. (8.3)], we have 1 —A\(2s —1) ~ 2(s—1)d as s — 1. Thus,
we are left to show that
2

(8.20) / LI 6 1 dv~—% _1d
Kxo o 4(s —1)
as s — 17. The asymptotic behaviour (8.20) is equivalent to the limits
o? 1
L6 dv~—2 / L%, 1dv=o0 ,
/K><6| ’52 ' 2<S_1) Kx0© 52 ' <8_1)

where here Ly(z) is interpreted as a complex number. Recall the definition (38.18).
Note that in the first integral, the © integral trivially evaluates to 1 (the integrand is
independent from ), while in the second integral, we have f@ ¥? = 1gcqa1}. Changing
variables and using the definition ([7.1)), we obtain that it suffices to show

— x T~ %
(8.21) [ 125 = 172,006 0 17
(8.22) /R L(6,s — 1/2,2)%Ca(x) dz = (

1
where we recall (5(x) is as defined in (8.4)).
Let H > 1 be a parameter. By Vaaler approximation [Vaa85, Theorem 11] (choos-
ing § = H), there exist two maps ¢* and ¢! whose Fourier coefficients satisfy

G(0) =[G

G(0) < 1/H,

G, G(h)y <1 (helsell,2),
G(h) =Ci(h) =0 (|al > H),

and
Cula) = ()] < Cf(x)  (z€R).

We insert this inequality in the integral [, |L(¢,s —1/2, 2)[*¢o(x) dz, replace L(¢, s —
1/2, ) by its Fourier expansion (2.6)) and interchange sums and integral, which is allowed
for s > 1 by the Wilton bound [DN26| eq. (2.8)]. We thus obtain

323 [ L. - 12000 de = ([ crour Lo o X Lm))
R R 0<|h|<H
where

(8.24) I(h)= > a(m)a(n)(mn)' =
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Note that [ (s, = [, 1Pkl *€os1 — 1 as s — 1. Letting H — oo sufficiently slowly
as s — 11, we see that to prove the asymptotic behaviour (8.21)) it suffices to show that

2

(8.25) I,(0) ~ ﬁ

(8.26) I;(h) <5 1,

where the second bound is uniform in s > 1.
For h = 0 we have

n>1

We apply the Rankin-Selberg method [Iwa95, eq. (8.10)]. Define

P =y A

sgn(n)== ’nl
so that I4(0) = I'*(s). Define further, for all ¢ € Z,
o d
(8.27) Cy(s) = / W2,it, (?J)QZUZ(SD?Z/-
0
By the Rankin-Selberg method, we have
(8.28) Cr(8)IT(8) + C_i(s)I(5) = (4m)*=V I (s)

where
Tols) = /F\H\ ()PEEs - 1,20

and F(-,z) is the standard Eisenstein series at co. On the other hand, let ¢y = Ry¢ be
the level-raised form obtained from ¢. It is of weight k 4 2 and has a Fourier expansion

Z a’lﬁ nmz ))ngn(n)%,i% (47Tn jm(z))v
n#0

() = {—a(n) (n=1),
v (56 +5)1 =54+ Ea(n) (n < -1).

By the Rankin-Selberg method again, we find
(829)  Crya(s)IT () + | (59 + E)(1 = 55 + )| Cpa(s)I(5) = (4m)2C"D Ty (s).

where

The maps Cy are regular at s = 1, since Wyya 4, (y) < y1/2=|%e(s0)| in the neighborhood
of 0. The value Cy(1) is computed using the formula in [GRO7, (7.611.4)[] We obtain
(8.30)

Ce(1) = !

sin(27s,)

[T (st (nsintasor) S ;'mos(w(swé»)

1<) 1<l S T2

where n =sgn(¢) € {—1,1} if f A0 and n =01if £ = 0.

"The related formula [DFI02, eq. (19.6)] should be corrected by a non-constant factor when k # 0.
This is due to the fact that [GRO7, (3.384.9)], which is used there, is not immediately applicable
when Re(sy) = 1/2 due to lack of absolute convergence. We use instead [GRO7, (7.611.4)] which is
proven with the arguments described in [Buch3l, pp. 112-116].
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Let pu, = (s¢ + £)(1 — 54 + £). We solve the equations (8.28) and (8.29) for I7(s),

which is possible since

M@zﬁﬂ@wa%£4®@Mﬁzg%é§%o
for k € {0,1}. We find
I*(3) = 5 00 ea(s)o(s) = Coafa) (o)

By [Iwa02, Proposition 6.13], we have

1 Kl
To(8) ~ S 1) Vol T\

and similarly for 1. Therefore

1 ppCoa(Dol* = Co(M)I¥]
2(s — 1) Ar(1) Vol(T\H)

By [DFI02, eq. (4.3)], we have ||¢||* = ux||#]]?, and thus

It(s) ~

n 1 me(unCop—a(1) — Ci(1))  [I9]
L,(0) = I"(s) ~ 2(s — 1) Ay(1) Vol(T'\H)’

Finally, we compute

AMMG+%U—CwOD_{m@%Vm (k= 0)
A1) sin(r(ss — 3))/(n(s9 — 1), (k=1)

which agrees with (I'(sg + 2)T'(1 — 54+ %))~ in both cases. This shows with the
claimed value of &7,

We next upper-bound I4(h) for h # 0. By conjugation we may assume h > 0. We
start by considering

where for m,n € Zq, we let

OO —27 s— d
br(m,n) = /0 Wegn(mk/2it, (47 M| y) Wegn(nyk2.it, (47 [n]y)e 72"y DEy-

For n — m = h, we have

1 = m S— —27 ndy

bn(m, n) = !nlz(Tl)/o ngn(m)k/2,1t¢(47r|;}y)ngn(n)k/Z,itqb(47Ty)y2( He2mhy/ ?
1 1 o0 1 dy
— (1 + Oh(m)) |n|2(s_1) / ngn(m)k/Z,it(/) (47Ty)ngn(n)k/2,it¢ (47Ty>y2( 1)?

0

1 1 o0 1 dy
(8.31) = (1 + Oh<_>>—s—1 / Wign(mk/2,it, (A7Y) Wegn(m)k/2,it, (4my)y* D=,
n] |mn| 0 Y

Here in the second line we used the expression [DFI02] eq. (4.24)] to bound the derivative
of the Whittaker function. We deduce that by, (m,n) <, 1. Also, if sgn(m) = sgn(n) =
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+1 by the definition the integral in (8.31]) can be expressed in terms of Cyy, giving
1 1

8.32 b = (14 0= ) ) ——=(Um)*"DCy(s).

(8.32) (o) = (140n (1) ) 1o (4ol

Since there are finitely many indices m,n with sgn(m) # sgn(n) (depending on h), the

contribution to I,(h) of these terms is O, (1). Thus, using (8.32) for the remaining terms,
we obtain

(8.33) I, (h) = (47)2=D(Ch(s) I (5) + C_i(s)1; () + On(1),
with
IF(h) = > a(m)a(n)|mn|' ™
sgn(mg%i:%}?):il

since the contribution of the Oy (1/n) is bounded by a constant times
ja(n)] |a(n)]
2 2 lam)l< ) s <
n>1 n—m=nh n>1

by the trivial bound |a(m)| < m® and (2.5)).
We can also give a different expression for I;(h) by inserting the definition of b, and
exchanging the order of summation and integration. We obtain

T - PR —27 s— d
I(h) = / z:cz(m)a(n)I/ngn(m)k/z,itq5 (4mmy) Wegn(nyk /2,1, (Amny)e hy 2 1)?34
0 m,n

dzd
- / Pu(z,25 - 1)]o(2) 2L,
T\H Y

where Pj,(z,2s — 1) is the Poincaré series
Py(z,2s —1) = Z (Jmz)* te(hyz).
YEL\T
It is known [Sel65, [GS83] that s — P,(z,2s5—1) for h # 0 extends to an analytic function
in a neighborhood of {Re(s) > 1} and satisfies [ [Pa(z, 25 — D dzdy/y? <, 1
uniformly for s > 1. Since ¢(z) < 1, we deduce by Cauchy—Schwarz that

dxd
T.(h) = / Pa(z25 — D]o(2) P2 <, 1,
I\H Y

so that, by (8.33),

Cr(s)1y (s) + Coi(s)I,, (s) = On(1)
as s — 17. We carry out a similar argument for the level-raised form ) = Ry, and
deduce by Cramer’s rule as above that

I (s) = Ou(1), (s —1%).

This proves (8.26)), and completes the proof of (8.21)).
A similar argument allows us to estimate [, L(¢,s — 1/2,2)?(,(x) dz. The analogue

of is now
/R L5 — 1/2,02G (@) dr < HOLO) + S (L) + M),

0<|h|<H
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where

m,n>1
m-+n=h

In this sum, since m,n have the same sign, they are obviously bounded in terms of h,
so that Js(h) <, 1 for all h. Letting H — oo slowly enough as s — 17 gives (8.22) as
claimed, and concludes the proof of Proposition [8.6] O

9. TOPOLOGICAL IRREDUCIBILITY WITH MULTIPLIER SYSTEMS

We recall our assumptions on I', which follow from our setting in Section [2.1] as well
as Lemma I' is discrete, finitely generated with finitely many cusps; it has a cusp
at 1, and has rank at least 6.

9.1. Topological irreducibility. Recall that ¢, was defined in Section 5.1} and recall
also the choice of fundamental domain made in Section [6]

We quote from [BDLD, eq. (3.1)] the notion of K-length {x. If w = a;---a, € ¥* with
¢ > 1, then

The goal of this section is to prove the following proposition, which shows that the
multiplier system 9,(z) satisfies the stability and mixing hypothesis from [BDLD, Sec-
tion 5.1], or in other words, that ¥,(z) is irreducible with respect to the induced map
Fr introduced therein. We shall use the fact that the fundamental domain R has at
least 8 sides, as implied by Lemma [5.1}

Proposition 9.1. Suppose || > 8. For any admissible non-empty words wy, w3 € 3%,
and any Yy € ©, there exists o > 1 such that for all { > {y, we may find wy € X* with
the following properties:

— The word wywews is admissible, and €y (wywows) = L.
— We have ¥, . (x) =g for all x € [w3]°.

We first need some lemmas. In the following we denote by a, the side of R which
precedes 1 proceeding counter-clockwise, and a_ the side which follows 1.

[01l+]
la-]

Lemma 9.2. Let w=a;---a;, € X* with £ > 1. Then the map
z =, ()
is constant on each interval [b]°, for b # a;. Denote by
D (b) = Uy, (x),  (z €[b]°)
the associated common value. The following properties hold.
(i) The quantity 9 (b) is independent of b for b #+ a_.
(ii) Whenever ay,ay # ay and g, -1 # 1, we have ¥y, (ar) = (—1)Fdz(ay )™

(#ii) For any n € ©, we may find w € X* such that ¥,,(b) € {£n} for any b # a,.
(iv) Whenever a; # ay, we can find n > 1 such that 9y (b) € {1} for b # ay.
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Proof. First we observe that if g,, fixes 1 (i.e. [g,]m fixes 00), then ¥, (z) = d¥ x'(g.,) for
some d,, € {£1} and all the claimed results follow immediately. Thus we can assume
gw-1 # 1. In particular, we can write ¥, as ¥y, = c,"X'(gu) sg,, ()" for some ¢, € {+1}
satisfying c,, = —cg and where sg, (7) = sgn([z]m — [gw];'00). Notice that sg,, (z) = 1 if
gt - 1 precedes x proceeding counter-clockwise from 1 and sg, (r) = —1 otherwise.

Since 1 is a vertex of R, and thus is not in [a1]°, we have g, -1 € [a,]. Thus
for x € [b]° and b # @, we have that sg,(z) depends only on b and not on xz. This
justifies the definition of 9,,(b).

(i) If g;:l -1 =1, then gz~ fixes 1 and the claim is clear as above. Now, assume
g—+1+#1. Since 1 is a vertex of R, we have g1 -1 =g, -1 € [a_]. This implies
that s;~(x) = 1 for all ¢ [a_] and the claim follows.

(ii) We have g,' -1 € [a,] and thus, by hypothesis, g;' - 1 & [a4]° so that s,(z) =1
for all z € [ay]°. In the same way, sg(x) = 1 for all x € [a,]|° and the result
follows since ¢, = —cg.

(iii) By definition of O, there exists g € G such that x'(g) € {+n}. Write g = g, for
some admissible word w € 3*. Then 9,,(b) € {£X'(9)} = {£n} as claimed.

(iv) We have J,n(b) € {£X(gw)"}. Since x’ takes values in the roots of unity of some
fixed order, it suffices to pick n to be the common order of these roots. O

Given w; € X* we extend the definition of ¥,, also to words wy € X*, with wyw,
admissible, by letting 9, (ws) := ¥, (a) where a is the first letter of ws.

We need some further notation. For any si,s, € ¥ with s; adjacent to $3, we let
P, s, € ¥* be a (fixed) cuspidal cycle — as defined in (6.1)) — with first letter s; and
last letter s. Upon replacing P, 5, by a concatenation power Py _ if necessary, we can
impose that x'(gp,, .,) = 1.

For aq, as € ¥, we denote

1,52

@, not equal nor adjacent to b

E(al,ag): {bEE, ~ i }
and b not equal nor adjacent to as.

Note that since we assumed |¥| > 8 we have |E(aj,a2)] > 8 —3 —3 > 2. In particu-

lar, E(aq, a) is never empty.

In the rest of the section we will repeatedly make use of the following simple facts
about the function /x: let w; and wy be two non-empty admissible words. Assume that
the last letter ¢; of wy, and the first letter ¢y of wsy, are such that ¢; and ¢y are neither
equal nor contiguous. Then

(9.1) Cg(wwe) = g (wy) + L (we).

Also, for s1, s9 as above we have (g (P, 5,) = 1.

Lemma 9.3. For any ws € X%, there exists b € ¥ and ¥y € © such that for any choice
of n € {(£1)7*}, we may find uy € X* with buyws admissible and

(92) 191,“2 (wg) = 7]’!90, f}((bUgwg) = f}((ﬂ)g) + 4.
Proof. We pick u € ¥ such that u does not belong to any of the contiguous intervals
{ay —1,a4,a_,a_+1,a_ + 2}.

—

Since we assumed |X| > 8 > 5, there is at least one such choice of u. Let v = u+ 1,
so that there is a cuspidal cycle P, ,. Let

Pe{P,,.P..},
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and, given any ' € E(a,,c) with ¢ denoting the first letter of ws, let
b:=a_, uy = Payb € ¥

By the period relation (5.6) we have

Dbuz (w3) = V= (P)Ip(at)a, (V) = Jo¥p(ay)
where by Lemma . the number ¥y € © is independent of our choice of P. By
Lemma we have

Op(ay) = (=1)"p(ay),

thus picking appropriately P, we find a corresponding word uy with Jy,, (ws) = ni.
Moreover, a quick computation using the hypothesis on « and o' shows that

EK(bUng) = EK(a/:Pa+b’w3) =4 + EK(wg)
This proves (9.2)). O

Lemma 9.4. For any wy € ¥*, any letter b € ¥, and any Yy € O, there exists {;; € N
such that for any ¢’ > {,, we may find a word uy € X* with wyub admissible and

Doy (0) € {(£1)"0}, O (wiurh) = 0.
Proof. By the definition of © there exists g € G such that x'(gw,9) € {(£1)*Jo}. Since G
is spanned by {gq4,d € X} (see e.g. [Ser78, p. 79]), we may write g = gq, - - - ga,, for some
non-negative integer m and d; € ¥. Simplifying if necessary, we may assume d; # d; for
all 7 # j. Then, denoting by by the last letter of wy, we define T' € ¥* as follows:
— If m = 0 or if there exists j with d; # l;), in which case by reordering we may
assume j =1, we let T'=d; - - - d,,.
— Otherwise we have m > 1 and g = by . We then pick e € X ~\ {by, b} and
let T = eby &
Note that T is the empty word if m = 0. In any case, the word w;T is admissible
and X' (guw, 97) € {(£1) 0}. We let € := lx(wT) + 2, and consider ¢/ > £} arbitrary.
We let r := ¢/ — g (unT) — 1 > 1 and we pick aq,...a, € ¥ subject to the following
constraints:

— a4 is not equal nor adjacent to ¢, where c is the last letter of w7,
— forall j € {2,...,7 — 1}, u; is not equal nor adjacent to a;_; + 1,
— u, € E(a,_1 +1,b).
For each j, we consider the cuspidal cycles P; := Paj o We let
’U,IITpl“'PT EE*
By construction, we have X'(gu,u,) € {(£1)¥9}, and therefore

Duwyn (b) € {(E1)*0}-
Moreover, we have
Ui (wunb) = b (wi TPy -+ Pb) = b (unT) +r+1=1,
as claimed. O

Proof of Proposition [9.1. Let wy,w; be two given admissible words. We apply Lemma[9.3
for ws, and let b and vy be the quantities whose existence is asserted. We then apply

Lemmafor the triple (w1, b, 9o, !). Note that £, depends on w;, b and Yo, . Since ¥
and O are finite, we can pick ¢y = {y(w3) large enough so that ¢y > ¢ + lx(ws) + 3.
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Then, Lemma applied to ¢ = { — {x(w3) —3 > (] yields the existence of a word
u; € ¥* and a sign n € {(£1)*} such that

191U1U1(b) = 77190191_17 EK('lU1U1b) =(— 6[((11)3) — 3.

Since b and ¥ are as given in Lemma [9.3] by the conclusion of the lemma we may
find uy € X* for which

Dy, (w3) = 77101, Ck (bugws) = lg(w3) + 4.
We let wy = uibus. This word is admissible since u1b and buy both are. We readily get
Doy s (W3) = Papyuy (0) P, (w3) = Vo,
and
Cg (wwows) = L (wiurh) + L (bugws) — 1 =4,

as required. 0

Remark 9.5. The condition [X| > 8 in Proposition cannot be completely removed, as
the following example shows: consider the group I' = I'g(4) with character x(v) := x4(d),
where v = (%) € I'0(4) and x4 is the non-trivial character modulo 4. Then, for z € R

(9.3) u~ () = sgn(cx + d)xa(d),

Switching to the disk model as in Section |5| we may choose the following fundamental
domain for [['|p\D:

po(—3)
0 [a]
~1 1
0
po(3) @

It is easily seen that for any non-trivial word w = a; - - a, € ¥*, {x(w) is the number
of blocks in an alternating decomposition of w into subwords from {a,/b\}* and {a, b}*.
This implies, for instance, that any word v € ¥* with aua admissible must have (x (aua)
odd, so the conclusion of Proposition [9.1| does not hold for w; = w3 = a and /¢ even.
Numerically, it seems that there is no such objection when |¥| = 6, which leaves open
the question as to whether |X| > 6 is a sufficient condition in Proposition [9.1]

Remark 9.6. We have also observed numerically that the conclusion of Proposition [9.1
holds for the first few values of £ when I' = T'y(4) with the multiplier system granted
that we replace {x by /., defined in [BDLD, eq. (3.5)]. This provides evidence that the
cuspidal acceleration F, defined in [BDLb| Section 3.2] is topologically mixing in this
case.

10. THETA SERIES

In this section we explain the changes needed to the above argument to prove Theo-
rem [L.9
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Let x be a primitive Dirichlet character x modulo N and let v € {0,1} be such that
x(—1) = (=1)". Let 0, be defined by

(10.1) 0, (z) =y /4 Z x(n)e(n?z), z € H.
neZ

For each 7 = (2%) € [o(4N?) and z € H we let
L /c . ,

(10.2) s (2) = 3" (5 )X (2) /2,

where x(7v) := x(d), () is the Kronecker symbol,

—1\1/2 1 d=1 (mod 4),
A
d i d=—1 (mod 4),

and where the square root takes its principal value, i.e. its argument is in (—m/2,7/2].
Then, by [Shi73| Proposition 2.2] we have that 6, is a Maass forms of weight k = % +v
for To(4N?), that is

(10.3) 0, (72) = uy(2)0,(2) Vy € To(4N?).

Also, by [SS77, p. 36] and [Iwa97, (10.54) and Corollary 10.7] we have that if x is not
totally even, then 6, is cuspidal, whereas if  is totally even, then the constant term in
the Fourier expansion of 6, at a cusp b is of the shape 6, (y) = Apy'/* (and in particular
By = 0 at all cusps). Thus, we set

) 1/4 x totally even,
Pox = Px = 0 otherwise,

as well as s, = 1/4.
We also need to extend the definition of u., to real arguments. Given z € R~ {7y~
and v ¢ ', we let

100}

(10.4) (o) = 2" () x() smnle) ™27

Notice that if ¢ < 0 and = > 0 this differs by a minus sign from what one obtains by
simply setting y = 0, but ensures that the cocycle condition still holds at real arguments.

The bounds ({3.3)-(3.4)) and [DN26, (2.11)]ﬂ holds also for ¢ = 6, as the same proof still

work in this case. In particular, we can replicate the arguments in Section m obtaining

the analogous of Lemmas , , , and for 0, with the only changes that
— Dy, :=C~ {1/4,3/4} for x totally even and otherwise Dy, = C.
— The last (harmless) error term in ([3.15)) is to be multiplied by |cj(v, a)|¢.
As a consequence, Propositions and hold with the caveat that h§ has a possible
pole at s = % — 54 = %1 if x is totally even (in particular, in this case we need to add the
condition s — 1/4 > 1 in the bounds (3.12)) and (3.19))) and that the asymptotics (3.13))
and (3.20) needs to be slightly adapted in a straight-forward way. In any case the
bounds (3.12) and (3.19) suffice for our purpose. The proof is again essentially identical
with very minor changes. We signal in particular that

= lim u,(z + iy).

€xr — f}/_loo )1/2+V
y—0t

[z =y o]

—1/2—¢ €

8As usual y is to be replaced by y~Px "¢,
9We took care throughout Section [3|to chose the sign in the exponent in expressions such as (—1)*F
in such a way that the claimed estimates hold true for k € Z/2 with the choice (—1)* = e™*%.
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— Mg(¢, s) can still be absorbed in the bounds and , since By = 0 at
all cusps
— in the notation of Proposition [3.7], we have

6170 = (lm @+ i)™ lim ol (o + 1)), (@0)0(2)

= c;flw(:c —w)f e Fo e — o7 o)k, (2)®(2).

Finally, the identity (3.39)) is replaced by the classical Mellin formula
(10.5) .0, ) = (2m) U=/ (s — (1 — 2v) /4)L(0,, 5, ), Re(s) > 3/4

where L(0,, s, ) = 2L, (2s — 1/2,x), with L, defined in (L.3).

The rest of the argument then follows essentially identically, with items (1), (2) and
(4) of Lemma holding unchanged, whereas could either be slightly adapted or
more simply replaced by the bound

nlz) < n'/ 4|z — 1

which ensures that L(f,,1/2,z) = 2L,(1/2,x) has moments of any order less than 4.

In order to obtain Theorem [I.9] it is then sufficient to verify that also the multiplier
system corresponding to u. is irreducible with respect to the induced map Fg, and to
show that p =0 and ¥ = % Id.

Regarding the irreducibility, we use the smaller group I'(4N?) to ensure R has at
least 8 sides if N = 1. Then, we replicate the arguments of Section [J] as they are, with
O = {£i%(7) | v € T(4N?),a € {0,1}} and where, as usual, (—1)** is to be interpreted
as £i(—1)".

As for the mean and variance, one option would be to replicate the arguments of Sec-
tion[8 however in this case we can also apply the approach of [BD22b), p.1416] and [DN26),
Section 7.2], using standard analytic methods (the approximate functional equation
for Dirichlet L-functions), which gives Eg[L,(1/2,2)] = o(log @), Eq[L,(1/2,z)?] =
o(log Q) and Eq[| L, (1/2,2)|*] ~ % log @. In conjunction with the convergence of the
third momen@, this yield the claim.

|71/4

Remark 10.1. If f : Z — C is N-periodic and odd or even then Theorem [I.9 holds also
for Ly(s,x) = 32,51 f(n )e(nsx) with variance o7 := 55 37, (mod ) |/ (7 ). To see this,
we express f in terms of primitive characters of conductor dividing N and deduce that

for z e H
0p(z) 1=y 2DIN" flne(n®2) =Y 3 N el (@)
nez dIN x (mod d) (|N/d
x(—)=(-1"f

for some «a,, € C, where > " indicates the sum is restricted to primitive characters,
and where vy = 0 if f is even, and vy = 1 if f is odd. Since d¢|N, the old forms
0x(d?-) are also Maass forms of weight k = 1 + vy for To(4N?). Although the mul-
tiplier system does depend on Yy, this is bypassed by passing to the smaller subgroup
['1(4N?), where the characters become trivial. Consequently, 8;(z) is a Maass form of
weight k for T';(4N?). By linearity we obtain the required properties and bounds for
the period function associated to ¢;. Thus, the central limit theorem follows as above
from the moment estimates Eg[L;(1/2,z)] = o(v/1og Q), Eg[L(1/2,2)?] = o(log Q) and

10 [BD22D)] the 4-th moment (9.6) is used. This is not available in this case when y is totally even,
but the argument still works using the 3-rd moment instead.
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Eol|Ls(1/2,2)*] ~ 207(N)*log Q. The parity assumption on f seems superficial, and
it would be nice to remove it. However, 6, has a different weight, and thus multiplier
system, depending on wether x is even or odd. A possible method to overcome this
obstacle could be to define a variant of the operator .Z, keeping track of the action of
both systems. We won’t pursue this here.
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